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Abstract. Several complicated improvements have been done for the time-complexity of the maximum
clique problem, though it is exponential of the number of vertices. In this note, we present a very simple
branch-and-bound algorithm for the maximum clique problem. It is based on our preceeding algorithm
CLIQUES, which is designed for generating all maximal cliques. Then we give very simple proof that its

0.334n)

time-complexity is O(n for a graph of n vertices. The result can contribute to improve the upper bound

of the time-complexity for finding a maximum clique in a general graph.

oooob. NeOO,000000,00000000,00000,0000

keyword. NP-Hard, Maximum Clique, Maximum Independent Set, Time-Complexity, Maximum Degree

1 0000

00000000000000000000000,00000000000000,0000000000
000000000000 [211). 0000000000000,000000000000 O(P(n)2™)(nDO
0000000, Pn)0n0000000)000000000OCOCOO. 0000000000 TarjanO
2]00000000,000 Robson[3|000,000000000000DO00 0O2%8)[5000000.
O00Tomita0OOODOO0O0O0O0D0O0 O3™/3)=(205%¥".0000000000000000 [6)00
00000000 1000000000000000 OD000000000O0000O00O0OO0. 000000
Shindo-Tomita 0000 D00 MAXCLIQUE[4| 00000000 O(2%*%")-000000000000O0.
0000000000000 000000D00000000000 Tarjan 00000000 DOOODODOO
00000000 Tarjan OO0 0OD0D0OO0O0O00OODODODOOOOOO
000D00000000000,000000000 MAXCLIQUEOOODODOOOOOODODOOOO,CO
000000000000 [ROEoI00000Db00D. 0000000000000 000000000



gooobobooooobobo,00o0obo0booooboboo0.oboobooobooboOo,obooon
00000000000,000000000000000000000D0O000 MAXCLIQUEOOOOOD
0000000000000000,000000 0(20%34")-0000000000. 0000 Shindo-Tomita
goboooboooboobobooooo,ogbboooo0oobooobbooooOooboOoobooobooOooonoo
oooo.

2 JOoooon

(1)OOoooOoUoOoUOOOO,00000000C0Oo0b0O00 G=(V,E)OOO.O0oO,vooooooo
O0,F0000020000000 (v,w)DOOOOODOO)ODOOOOO. OO0 wO, (v,w)e EOOO
goooooooooooo.

00voooo,000000 |v|ooo.0o0oooovooooooooooooooooooo viajo
goo
(2)veVOOOO0,Mv)D G=(V,E)000 vD
goooooooooooooo. oo

')y ={weV|(ww) e E} (Fv).
IF(v)|0 vODOODO.
(3) 0000000 WCvVOOooo,

EW)={(v,w) e W xW | (v,w) € E}
DoooO,GW)=(W,E(W))0 G=(V,E)0 WOOOOOODOOO00D00O
(4) 00000 QCVDOOOODDO0 G O0DD,00000000,G@Q) 000000D0O.
Yo,w€Q (vAw)DDODD (v,w) €EE
0000 QUO000o0oU0oO0o0.0o0oo0o0oo0 |Qooooooog.
gboobobooboboooooboboboboboobooooobobobobobobobooob,oOoo
gbooboobooboobooboobboobobooobooa.

3 0O00u0dd MAXCLIQUE

000000 MAXCLIQUEOD 1000. 0000000000000000000000000 EXPAND
0,0000000000000000000000000

000000 MAXCLIQUED, 00000000000 EXPANDO, 0003000000
0Ooooo0o0ooo

0Ooo0oo0oooo (1)

000000000 (2)

00000000000000000.

00000000 EXPANDO,ODO0CCOCOOCOCOOOOOOOOOSUBAOOOOOOOOOOOOO
000000,0000000000 SyBGO000000O0O0OO0O0O0OOOOOOO EXPANDODOOOOO,
oooobooooooboooooobo.

MAXCLIQUEOOOOOOOOOOOOOOODO 2000000000000000O0 (boOoooooo
00)000oooooooooo.

3.1 Ooogdgobo

000000000,00000000000000000000000000000
(1)000000 SUBGOODDOOO0OO0 «»O00D0000
(2)SUBG —{u}0,w 00000



SUBG, = I'(u) N SUBG
0,00000
EXT, = (SUBG — {u}) — SUBG,
gooooo.
(3)0000000000
00: procedure MAXCLIQUE(G)
10: begin
20: global Q := 0;
30: global Qmazx := §;
40: global ug :=a vertex in V
50: OO0 that maximizes |V N T (uo)l;
60: global SUBG,, := I'(up) N V;global u; :=a vertex in SUBG,, that maximizes |SUBG,, N T(u1)l;
70: global SUBG,, := I'(u1) N SUBG ;

80: EXPAND(SUBG,,, SUBG,,)

90: global EXT,, :=V —{up} — SUBGy,;

100: for i=1to |[EXT,,| —1do

110: global v; := EXT,,[i];

120: global SUBG,, :=TI'(v;);

130: global v;; :=a vertex in SUBG,,

140: OO O that maximizes |SUBG,, N T'(v1;)];
150: global SUBG,,, := I'(v1;) N SUBG,;;
160: EXPAND(SUBG,,,,SUBG,,)

170: od

180: end {of MAXCLIQUE}

190: procedure EXPAND(SUBG,, SUBG)

200:  begin

210:  if SUBG # () then u :=a vertex in SUBG that maximizes |[SUBG NI (u)|;
220: Q :=QU{u};

230: SUBG, = I'(u) N SUBG;

240: EXPAND(SUBG,, SUBG,)

250: Q:=Q —{u};

260: EXT, := SUBG — {u} — SUBG;

270: for i:=1to |[EXT,|—1do

280: v; := EXT,[1];

290: U, :=T(v;) N EXT,;

300: if |U;| > 2 then

310: SUBG,, := (I'(v;) N SUBG) U U;;
320: {i. e. SUBG,, = I'(v;) N (EXT, U SUBG,)}
330: if SUBG,, ¢/ SUBG,

340: and

350: SUBG,, ¢/ SUBG,, (1<j<i—1)
360: then Q := QU {uv;};

370: EXPAND(SUBG,, SUBG,,);
380: Q:=0Q —{v;}; fi

390:  else {i. e. SUBG =} if |Q| > |Qmaz| then

1-3



@: 00000000000 DO0O0DOOOnDO

X: EXTOO00000 (000000O0O)

400: Qmazx = Q;

410: fiodfifi

420: end {of EXPAND}
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401: ifv € SUBG,, then

402: EXT, := SUBG.,, — {v} — SUBG,;

403: else EXT, := SUBG,, — {v} — SUBG,; (i.e. the case v =1v;) fi
404: wy = EXT,[1];

405: U:=T(w)NEXT,;

406: for i :=1to |U| do

407: W :=T(wy) NT(U[i]);

408: if Qmaz — {up} C W then

409: Qmaz := (Qmaz — {v}) U{w1, Uli]};
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