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Abstract

We prove that the modulus function MOD,,, of n variables can be com-
puted by a threshold circuit C' of energy e and size s = O(e(n/m)"/¢=V) for
any integer e > 2, where the energy e is defined to be the maximum number
of gates outputting “1” over all inputs to C, and the size s to be the number
of gates in C. Our upper bound on the size s almost matches the known lower
bound s = Q(e(n/m)'/*).

1 Introduction

Neuronal signals play fundamental role in information processing of the brain. A
neuron emitting a signal is said to be “firing.” Recent biological studies report the
following fact about the energy consumption of the neuronal firing: the energy cost
of a neuronal firing is high while energy supplied to the brain is limited, and hence
neural networks must have low firing activity [1, 4]. Consequently, many neuroscien-
tists consider that the metabolic limit must influence the way in which information
is processed, and the brain have countered this metabolic constraint by adopting
energy-efficient circuit designs [2, 3, 6, 14]. Uchizawa, Douglas and Maass consider
the problem posed above from the view point of theoretical computer science, and
introduce a new complexity measure called the energy complexity of threshold cir-
cuits [10], where a threshold circuit, which is a combinatorial circuit consisting of
threshold gates, is a theoretical model of neural circuit [5, 7, 8, 9]. Based on the
biological fact above, the energy e of a threshold circuit C' is defined as the max-
imum number of threshold gates outputting “1” over all inputs to C. In previous
research, several facts are known on the computational power of threshold circuits
with small energy [10, 11, 12, 13]. Particularly in the paper [10], they find a non-
trivial circuit structure that benefit energy-efficiency, and provide threshold circuits
of polynomial size and energy O(logn) for a fairly large class of Boolean functions
of n variables. However, their construction is not specialized for a particular task,
and hence it sometimes gives a redundant circuit.

In this paper, we consider one of the fundamental and well-studied Boolean
functions in the theory of circuit complexity, the modulus function, as a particular
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task, where the modulus function MOD,,, of n variables for two positive integers m
and n is defined as follows: MOD,,, () = 0 if the number of “1”s in an input « €
{0,1}" is a multiple of m and, otherwise, MOD,,(x) = 1. Although the modulus
function may be far from real tasks that neural networks in the brain perform, we
believe that considering such a simple and fundamental task makes a important step
for understanding what circuit structure benefits the energy-efficiency of threshold
circuits. In [13], it is proved that size and energy of a threshold circuit computing
the modulus function cannot be simultaneously small: Any threshold circuit C' of
energy e computing MOD,,, of n variables has size

=o((2)") v

We prove in this paper that MOD,,, of n variables can be computed by a threshold
circuit of energy e and size

o (e(2)") o

for every integer e > 2. Comparing the right-hand side of Eq. (1) with one of Eq. (2),
we can find the difference between the terms only in the exponent of n/m. Thus,
our upper bound almost matches the lower bound, and implies that there exists
a tight tradeoff between size and energy of threshold circuits computing modulus
function. We obtain the result by construction of the desired threshold circuits, and
hence it exhibit a circuit design of energy-efficient threshold circuits.

In addition, we consider an extreme case where threshold circuits have energy
e = 1. In this case, we prove that any threshold circuit C' computing the PARITY
of n variables must have an exponential number of gates in n. On the other hand,
Eq. (2) implies that PARITY (i.e., MOD3) can be computed by a threshold circuit
of size s = O(n) and energy e = 2. Thus, we know from these facts that there exists
a significant gap of computational power between threshold circuits of e = 1 and
ones of e = 2.

The rest of the paper is organized as follows. In Section 2, we define some terms
on threshold circuits and the modulus function. In Section 3, we first provide our
main theorem. We then give a technical lemma, and prove the theorem using the
lemma. In Section 4, we prove the technical lemma given in Section 3. In Section
5, we give the lower bound for threshold circuits of energy one.

2 Preliminaries

A threshold circuit C is a combinatorial circuit of threshold gates, and is expressed
by a directed acyclic graph. Let n be the number of input variables to C'. Then each
node of in-degree 0 in C' corresponds to one of the n input variables z1,xs, ..., Z,,
and the other nodes correspond to threshold gates. We define the size s(C) of a
threshold circuit C' as the number of threshold gates in C.

Let g7, 95,95 ¢ be the gates in a threshold circuit C. For each gate g,
1<i<s(0), and let z(z) = (21(x), 22(x), ..., 2k, (x)) € {0,1}* be the k; inputs
of g¢ with weights wy,ws, ..., wy, and a threshold ¢; for & € {0,1}". Then the
output g (z(zx)) of the gate g¢ is defined as follows:

ki
9¢ (z(x)) = sign | Y w;zi(@) —t; |,
j=1



where sign(z) = 1 if z > 0 and sign(z) = 0 if z < 0. Simply, ¢ (2(z)) is denoted
by gf[x]. Let f:{0,1}™ — {0,1} be a Boolean function of n variables. Let g¢ be
a gate of out-degree 0 in C, and let the output g¢[z] of g, be the output C(x) of
C. Thus, C(x) = gs[z] for every input = € {0,1}". The gate g is called the top
gate of C. A threshold circuit C' computes a Boolean function f: {0,1}" — {0,1}
if C(x) = f(x) for every input & € {0,1}".
We define the energy e(C') of a threshold circuit C as
s(C)
C) = -]
e(C) = jmax | 2.9 (]

Thus, the energy e(C) is the maximum number of gates outputting “1” over all
inputs @ € {0,1}" to C. Trivially, we have 0 < e(C) < s(C).

For an input variable @ = (z1, za,...,z,) € {0,1}", we define || as the ham-
ming weight of the inputs «, that is,

n
lx| = Zzz
i=1

Then, for an integer m > 2, the modulus function MOD,,, of n variables is defined
as follows: For every input variable x = (21,22, ...,2,) € {0, 1}",

[ 1 if || is not a multiple of m;
MOD, () = { 0 otherwise.

If n <m —1, then MOD,,, () = 1 for all inputs x except = (0,0,...,0). Thus,
a circuit consisting of a single threshold gate with weight ones for all the inputs
and threshold one computes MOD,,,. One may thus assume that n > m in the
remainder of the paper.

3 Energy-Efficient Circuits

Our main result is the following theorem that yields an energy-efficient threshold
circuit computing the modulus function.

Theorem 1. Let m,n be any two positive integers, and let e be any integer e > 2.
Then there is a threshold circuit computing MOD,, of n variables such that its
energy is at most e and its size is at most

R B e F

In the paper [13], it is known that the size s and energy e of a threshold circuit
C computing MOD,,, of n variables cannot be simultaneously small, as described
in the following theorem.

Theorem 2 ([13]). Let C be a threshold circuit computing the function MOD,, of
n variables. Then the size s and energy e of C satisfy

"<t -(20"”'5). (4)

m—1 2me e

where cppr = 2.718 is the Napier’s (or mathematical) constant.



By a simple modification of Eq. (4), we can obtain from Theorem 2 the following
lower bound on the size of threshold circuits computing MOD,,, of n variables.

Corollary 1. Let C' be any threshold circuit of energy e computing MOD,, of n

variables. Then
S(C) = 0 (e (l)”) . (5)

Observe the asymptotic terms in the right-hand side of Egs. (3) and (5). We
can find the difference between the terms only in the exponent of n/m: the term in
Eq. (3) has 1/(e — 1), while the term in Eq. (5) has 1/e. Hence, the upper bound
in Theorem 1 almost matches the lower bound in Corollary 1.

In the rest of the section, we prove Theorem 1. We say that a threshold circuit

C is regular if the inputs of every gate in C' includes all the inputs x1,x2,..., %,
with weight ones. In other words, every gate in C receives all the unweighted inputs
1,%2,...,Zy. The following technical lemma plays key role in our proof.

Lemma 1. Let m,n,n’ be positive integers such thatn > n’+1. Let C' be a regular
threshold circuit computing MOD,, of n variables. Then, there is a regular threshold
circuit C' computing MOD,,, of n variables such that e(C) < e(C') + 1 and

s(C) < s(C") + {Hﬂb—‘ -1

We will prove the lemma in the next section. Using the lemma, we prove Theo-
rem 1 below.

Proof of Theorem 1. Let e be an arbitrary integer at least 2. We prove the theorem
by constructing a regular threshold circuit C' computing MOD,,, of n variables such

that e(C) < e and
n+1 1/(e—1)
s<c>s<e—1>{( = w ©)

We provide our construction by induction on e > 2. That is, we construct a
threshold circuit of energy e+ 1 from a threshold circuit of energy e. We start from
the case of e = 2 as the basis.

Basis: e = 2.

Consider a regular threshold circuit C” consisting of a single threshold gate g
with threshold ¢ = 1 and m — 1 input variables. Clearly, e(C") =1, s(C’) =1, and
C’" computes MOD,,, of n’ = m — 1 variables. Therefore, Lemma 1 implies that
there is a regular threshold circuit C' computing MOD,,, of n variables such that

e(C) < e(C') + 1 and
S(C) < s(C") + q”;ﬂ - 1> .

Since e(C’) = 1, we have e¢(C) < e(C’) +1 =2 = e. Since s(C’) = 1, we have

+(C) < 8(C') + qn;ﬂ 1) _ [n;l—‘ 1) Rngl)”(eﬂ |




Inductive Step: e > 3.
By the induction hypothesis, there is a regular threshold circuit C’ computing
MOD,,, of n’ = m~y*~! — 1 variables such that e(C’) < e and

n 1/(e—1)
() < (6_1)“ ;1> W
e—1 _ 1/(e-1)
< (e—l){((mv - 1)+1> —‘
< (e=1)[v] (7)

for each positive integer v. We will construct a regular threshold circuit C' comput-
ing MOD,,, of n variables, and show that C' has the energy

e(C)<e+1 (8)

S(C) <e R”; 1)1/7 . (9)

-1

and the size

Since C’" computes MOD,,, of n’ = m~y®~! — 1 variables, by Lemma 1 there is a
regular threshold circuit C' computing MOD,,, of n variables such that

e(C)<e(C)+1=e+1
and

S(C) < 5(C") + [”“W Y (10)

m")/871

e

then v¢ > (n 4+ 1)/m, and hence

We choose

{n—i—l

—1<n. 11
] sy (1)

Therefore, by Eqgs. (7), (10) and (11), we have
, n+1
-1
SO+ | 2|
(e=Dy]+~
el7]

e

s(C)
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4 Proof of Lemma 1

In the section, we prove Lemma 1.

Let m,n,n’ be positive integers such that n > n’ + 1. Let C’ be a regular
threshold circuit computing MOD,,, of n’ variables, and s = s(C”). We denote by
915 Gy - ., g% the threshold gates in C’. One may assume without loss of generality
that g1, 95, ..., g, are topologically ordered with respect to the underlying directed
acyclic graph of C’, and that each gate g!, 1 < i < s, receives exactly (i — 1) + n’
inputs from the outputs of the gates ¢1, g5, . .., gi_, and the n’ inputs z1, xa, ..., Ty .
If there is some gate ¢, 1 < j <i—1, such that ¢, has no input from the output of
g}, then one connects input of g; with weight 0 for the output of g7. Therefore, for
each index i, 1 <i <'s, let wj ;,w;,,...,w;,; ; be the weights of the gate g; for the
outputs of the gates ¢1,45,...,9;_1, respectively, and denote by t; the threshold of
gi. Since C' is regular, each of the gates ¢{,d5,..., g, has weight ones for the n’
input variables. Thus, the output of the gate g/ for each input =’ € {0,1}" can be
recursively computed by the following threshold function:

sign (|&'| — 1) ifi=1;

gil®'] = (12)

i—1
sign <:c’| + > wi g5 — tg) otherwise.
j=1

We show that, for any positive integer n > n’ + 1, MOD,,, of n variables can be
computed by a regular threshold circuit C' of energy e(C) < e(C’) + 1 and size
s(C) < s(C") + B, where

and

We construct the desired threshold circuit C' from C’, as described below.

To obtain C, we add new input variables x4 1, Zn/ 42, ..., T, to C’, and connect
each of the new input variables to each of the gates ¢/, g, ..., g, with weight one.
Besides, for each index 7, 1 < i < 3, we add a new threshold gate §; with weight ones
for the inputs x1,xs,...,r, and a threshold ami to C’, and connect the output of
the gate §; to the gates g1, g, . . . , g, with weight —ami. For each index i, 1 <1 < s,
we denote by g; the gate in C' that corresponds to the gate ¢; in C’, and denote by
x = (21,%9,...,2,) € {0,1}"™ an input to C. Then, the output of the gate g; for
an input @ € {0,1}" is now represented as

sign (Jz| — t)) ifi =1;

gilz] = (13)

i—1 8
sign <a: + > wigil®] = >0 amj - gjlx] — t;) otherwise.
j=1 j=1

Moreover, for each index 7, 2 < ¢ < 3, we connect the output of the gate §; to the

gates g1, G2, . . ., Gi—1 with weight —ami. Thus, we have
8
sign | || — > amj-§;lx] —ami if1<i<pg-1;
gilw] = =l (14)
sign (x| — amp) ifi=p



for € {0,1}". Clearly, C is a regular circuit, and

s(C) < s(C") + B = s(C") + hnjljlmw ~1

Below we prove that C' computes MOD,,, of n variables, and e(C) < e(C’) + 1.
Let « € {0,1}" be an arbitrary input to C. Note that 0 < || and

z| < n
1
< am- {n—&— -‘ -1
am
< am(f+1)—1
for any input « € {0,1}". Let
. V”J
v = ;
am
then trivially
ami* < |z| <am(i*4+1) — 1. (15)

We prove the following claim.

Claim 1. The following (i), (it) and (iii) hold.
(i)  gi[x]) =0 for each i, i* +1 <i < [j;

(i) Gile] =1 if i = i";

(iii) gi[x] =0 for each i, 1 <i <i*—1.

In other words, if 0 < |z| < am — 1, none of G1, g2, - .., Gz outputs one; otherwise,
only the gate g;« outputs one.

Proof of Claim. For each index i, 1 <14 < 3, let

B
x| — amj - gilegl —ami f1<i<pg-1,
pu(@) = 117 2 o dile] siss (16)
|z| — amf ifi = 0.

Clearly, p;[x] is the value in the sign function of the right hand side of Eq. (14) for
x € {0,1}™, that is, g;[x] = sign(p;(x)). We evaluate p;(x), and prove the following
(i), (i) and (iii).

(i) gi[x] =0 for each 7, i* +1 <4 < 3.
If i < 8 —1, then by Egs. (15) and (16)

B
pile) < am(i*4+1)—1-— Z amj - gjlx] — ami
j=it+1
< am(i*+1—-1)—1
< -1 (17)



If i = (3, then by Eqgs. (15) and (16) we similarly have

pi(x) = |x|—amp
< am(i*4+1)—1—amp
< -1

Since i* + 1 < 3, Egs. (14), (17) and (18) imply that §;[x] = sign(p;(x)) = 0.

(i)  gifw] = 1if i = 4*.
In this case, we have 1 < i* < 8. By (i) above, if i* < — 1,

B
Z amj - g;[x] =0,
j=i*+1
and hence we have by Egs. (15) and (16)
pir(x) = |x| — ami*

> ami® — ami®

= 0.
Thus Eq. (14) implies that g;«[x] = sign(p;(x)) = 1.

(iil) g;[xz] =0 for each 4, 1 <4 <¢* — 1.
In this case, we have 2 < i+ 1 <¢* < 3, and hence

B

Z gjlx] > g [x].

j=it+1
By (ii) above, we have g;«[x] = 1, and hence
B
= > amj-gilz] < —ami® - g-[x]

j=i+1
= —ami”.

Since i + 1 < 8, we have ¢ < 3 — 1. Therefore, by Egs. (16) and (19)
pi(x) < || —ami* —ami.
By Egs. (15) and (20), we have

pi(x) am(i*4+1) —1—ami* —ami

am—1—ami
-1

IN A CIA

and hence Eq. (14) implies that g;[x] = sign(p;(x)) = 0.

(18)

(19)

(20)

O

We are now ready to prove the lemma by the claim. There are the following two

cases to consider.
Case 1: 0 < |x| < am — 1.



In this case, the claim implies that none of g1, go, ..., gg output one. Besides,
we have
n +1
m

am—lz{ J—lgn’.

Therefore, Egs. (12) and (13) imply that, for every index i, 1 <14 < s, the output
of g; for & € {0,1}"™ equals to the output of g, for an input &’ € {0,1}"™ such
that |#'| = |z|. Thus the number of gates outputting one is at most e. Since C’
computes MOD,,,, C(z) equals to MOD,, (x).

Case 2: am < |z| <am(f+1) — 1.

In this case, the claim implies that only the gate g;« of g1, g2, ..., s outputs
one, and hence Eq. (13) implies that, for every index i, 1 < ¢ < s, the output of g;
can be represented as

i—1

gi[x] = sign | |z| + ng’jgj[m] —ami* —t, | . (21)
j=1

Eq. (15) implies that
0<|z|—ami* <am-—1,

and hence, for every index i, 1 < i < s, we have that g;[z] for € {0,1}" equals
to the output of g/ for an input ' € {0,1}" such that |&| — ami* = |2’|. Thus,
at most e gates of the gates g1, go, ..., gs output one, and consequently the number
of gates outputting one in C' is at most e + 1. The circuit C’ computes MOD,,, of
n' variables, and |x| — amj is a multiple of m if and only if |2’| is a multiple of m.
Hence, C(x) equals to MOD,,,(x).

5 Circuits of Energy One

In this section, we consider an extreme case where threshold circuits have energy
e = 1. While we know from Theorem 1 that PARITY (i.e., MOD3) of n variables
can be computed by a threshold circuit of size s = O(n) and energy e = 2, we can
prove that any threshold circuit of energy e = 1 computing PARITY of n variables
must have an exponential number of gates in n, as follows.

Theorem 3. If a threshold circuit C' of energy one computes PARITY of n vari-
ables, then the size s of C is at least 2" 1.

The proof is omitted due to the page limitation, but described in the appendix.
Theorems 1 and 3 imply that there exists a significant gap of computational power
between threshold circuits of e = 1 and ones of e = 2.

6 Conclusions

In the paper, we design energy-efficient threshold circuits computing the modulus
function MOD,,,, and show that MOD,,, of n variables can be computed by a thresh-
old circuit of size s = O(e(n/m)*/(¢=1) and energy e for any integer e > 2. The
upper bound on the size s = O(e(n/m)Y(¢=D) almost matches the known lower
bound Q(e(n/m)'/¢) presented in [13]. A Boolean function f : {0,1}" — {0,1} is
called symmetric if f(x) depends only on the number of 1s in @ for every input
x € {0,1}". Thus, the modulus function is symmetric. A generalization of the



result to symmetric functions remains open. We also show that any threshold cir-
cuit of energy e = 1 needs at least 2”1 threshold gates to compute PARITY of n
variables.
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Appendix: Proof of Theorem 3

Let C be a threshold circuit of size s and energy e = 1 that computes PARITY of
n variables. We denote by ¢1, g2, - .., ¢gs the threshold gates in C, and let g; be the
top gate of C. Let Xog = {z € {0,1}" | |z] is even}, and ng be the cardinality of
Xp. Clearly, ng = 2"~!. We prove that s > ng = 2"~! as follows.

For the sake of contradiction, assume that s < ng — 1. Since the top gate
gs outputs zero for any input z € X, we have, for each input z € Xy, either
exactly one of g1,¢o,...,gs—1 outputs one or none of the gates outputs one. Since
s < ng — 1, the pigeon hole principle implies that there exists a pair of inputs
x = (x1,22,...,2,),y = (Y1,%2,--.,Yn) € Xo that satisfies one of the following
conditions:

(i) there exists only an index k, 1 < k < s — 1, such that the gate g, outputs one
for each of the inputs x and y;

(ii) none of the gates ¢1,¢2,...,9gs outputs one for each of the inputs « and y.

For each of (i) and (ii), we derive a contradiction as follows.

We first consider (i). Let the gate gi have weights wy, ws, . .., w, for the n input
variables and a threshold ¢. Since only the gate g, outputs one for each of & and
y, we clearly have

n n
Zwlzzz, —t>0and szy, —t>0.
i=1 i=1

Thus,
> wimi+ Y wiyi — 2t > 0. (22)
=1 =1

Since x # y, there exists an index j such that x; # y;. Consider a pair of inputs
' and ¢’ obtained from x and y by exchanging the jth components of x for that
of y:

w/:(xlax%"'7xj*17yjaxj+17"'vmn) (23)
and

Y =W Y2, Yi—1, %5 Ykl Yn) (24)

Both |z| and |y| are even and we have either 0 =z; #y; =1lorl=2; #y; =0,
and hence |2’| and |y’| are odd. Thus, only the top gate g5 outputs one for each
of ' and 4’, and consequently g, outputs zero for each of =’ and y’, which implies
that

n n
Zwixi —w;z; +w;y; —t <0 and Zwiyi —w;y; +wiz; —t <0.
i=1 i=1

Thus,
i=1 i=1

11



We obtain a contradiction from Egs. (22) and (25)

We next consider (ii), and derive a contradiction in a similar way to (i). Let the
top gate gs have weights w1y, ws, ..., w, for the n input variables and a threshold t.
Since none of the gates outputs one for  and y, we clearly have

n n
Zwixi —t <0 and Zwiyi —t<O.
i=1 i=1

Thus,
D wimi + > wiy — 2t < 0. (26)
=1 i=1

Let j be an index such that z; # y;, then consider a pair of inputs =’ and y’ obtained
from x and y by switching the jth components of the inputs as in Eqs (23) and
(24). Clearly, |#'| and |y’| are both odd. Thus, the top gate gs outputs one for each
of ' and y’, which implies that

n n
Zwiazi —w;z; +w;y; —t >0 and Zwiyi —w;y; +wjz; —t > 0.

i=1 i=1

Thus,
n n
Z W;T; + Zwiyi —2t > 0. (27)
i=1 i=1
We obtain a contradiction from Eqs. (26) and (27) O
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