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Abstract

Suppose that a Boolean functigncan be computed by a threshold circditof energy
complexitye. Thus, at mose threshold gates id' output “1” for any input toC'. We then
prove that the functiorf can be computed also by a threshold circtfitof depth2e + 1. If
the size ofC'is s, that is, there are threshold gates if@, then the size of” is 2es + 1. The

proof is constructive, and hen€& can be immediately constructed frath

1 Introduction

A threshold (logic) gate is a theoretical model of a neuron, and a threshold (logic) circuit, which is
a combinatorial circuit consisting of threshold gates, is a theoretical model of a neural circuit in the
brain. A threshold circuit is intensively studied for a few decades [8, 9, 10, 11, 14]. Information
processing in a neural circuit results from “firing” of neurons. Recent studies in biology report that
a neuron consumes a large amount of energy for firing, and consequently the firing rate of neurons
is quiet low[6, 7]. Based on the fact above, #ergy complexity of a threshold circuit is

defined as the maximum number of threshold gates outputting “1” over all inpGtEL&]. There

have been known several results on the energy complexity of threshold circuits [16, 17, 18], and it

turns out that the energy complexityof C has a simple relationship with other major complexity
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measures such as the sizand the depthi; the sizes of C' is the number of threshold gates in

C; and thedepthd of C' is the length of the longest directed path going from an input node to
the output gate ir”, and corresponds to the parallel computation time. In particular, there is a
tradeoffn < s¢ between the sizeand the energy complexityof threshold circuits computing the
PARITY function ofn variables [18]. On the other hand, there is a tradeoff 257! between

the sizes and the deptld of threshold circuits computing the PARITY function [5], and a tradeoff

n < (s/d)?=¢ also holds for any > 0 [15]. In all these tradeoffs, the left hand side is the number
n of input variables, while either the energy complextgr the depthd appears in the exponent

of s in the right hand side. Thus the two measures, energyd depthd, play the similar role

in the tradeoffs at least for circuits computing the PARITY function, although the two measures
have completely different physical meanings. Thus, the energy comptesdgms to have a close
relationship with the deptti not only for the circuits computing the PARITY function but also for
circuits computing any Boolean function.

In the paper, we investigate a relationship between the energy complexity and the depth of
threshold circuits computing any Boolean function, and obtain the following result as the main
theorem: if a Boolean functiofi can be computed by a threshold circitof energy complexity
e, then f can be computed also by a threshold circtfitof depthd’ = 2e + 1. If C has size
s, thenC’ has sizes’ = 2es + 1. Thus, if a Boolean function of variables can be computed
by a threshold circuit”' of constant energy complexity and polynomial sizerirthen f can be
computed also by a threshold circdit of constant depth and polynomial size. Since the proof
of the main theorem is constructive, a threshold cir€tfiof shallow depth can be immediately
obtained if a circuiC' of small energy complexity is given for computing a function. The theorem
immediately implies that a very simple relationshiff) < 2e¢(f) + 1 holds for every Boolean
function f, wheree( f) is the energy complexity of defined as the minimum energy complexity
of polynomial-size threshold circuits computiffigandd( f) is the depth complexity of defined
similarly ase( f).

The rest of the paper is organized as follows. In Section 2, we first define some terms on
threshold circuits, and then present the main theorem and corollaries. In Section 3, we first con-

structC’ from C, then present a lemma @Y, and finally prove the main theorem. In Section 4,



we conclude with some remarks.

2 Definitions and main theorem

In the section, we first define some terms on threshold circuits, and then present the main theorem
and corollaries.

A threshold gatdn the paper is the so-called linear threshold logic gate, and can have an

arbitrary numbe# of inputs. For every input = (21, 22,--- ,21) € {0,1}* to a threshold gate
g with weightswy, we, - - - , w and a threshold, the outputy(z) of the gatey for z is defined as
follows:

k
1 if Z W;Z; > t;
9(z) = i=1

0 otherwise

We assume that the weighis, w», - - - , wi and the thresholdare arbitrary real numbers.

A threshold (logic) circuitC' is a combinatorial circuit consisting of threshold gates, and is
represented by a directed acyclic graph, as illustrated by Fig. 1. We denatéhieynumber of
inputs toC', and byx = (z1, z9, - - - , z,,) the input variables t¢'. The underlying directed acyclic
graph ofC hasn nodes of in-degree 0, each of which corresponds to one of thput variables
and is called aimput node Thesizes of a threshold circui” is the number of threshold gates in
C. Figure 1 depicts a threshold circuit with= 3 ands = 5. All the wires with weight zero are
not drawn in Fig. 1.

Let C be a threshold circuit of size and letgy, go, - - - , g5 be thes gates inC'. Then the input
z; o agatey;, 1 <i < s, either consists of the inputs , zo, - - - , x,, to C' and the outputs of the
gates other thap; or consists of some of them. However, we denotegfty] the outputy;(z;) of
g; for z;, becauser decidesy;(z;). Thusg;[x] = gi(z;).

Let f : {0,1}" — {0,1} be a Boolean function of variables. (Our main theorem can be
immediately generalized to an-output Boolean functiorf : {0,1}"™ — {0, 1}" for any positive
integerm, as stated in Section 4.) Lgt be a gate of out-degree 0@, and let the outpug;[x] of
gs be theoutputC'(x) of C. Thus,C(x) = gs[x] for every inpute € {0, 1}". The gatg; is called
the output gateof C'. A threshold circuitC’ computesa Boolean functiory : {0,1}" — {0,1} if
C(x) = f(x) for every inputr € {0,1}".
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Figure 1: Threshold circuif’ of n = 3 input nodes, size = 5 and depthis = 3.

We say thata gatg, 1 <i < s, isin thel-th layerof a circuitC' if there ard gates (including
gi) on the longest path from an input nodegtan the underlying graph of a circuét. Thedepth
d of C'is the number of gates on the longest path to the outputggaiehe circuitC in Fig. 1 has
depth 3, the gates;, g» andgs are in the first layeryg, is in the second layer, and the output gate
g5 is in the third layer.

For each inputc € {0,1}" to a circuitC, we denote by (x) the number of gates fired lay,

that is,
ec(x) =) gilz].
=1
We then define thenergy complexity- of C as

ecc = max ecglI).
© xze{0,1}n C( )

Thus, the energy complexit is the maximum number of gates outputting “1” over all inputs
x € {0,1}". Obviously0 < ec < s. We often denotec(x) andec simply by e(x) ande,
respectively.

We are now ready to present our main result as the following theorem, whose proof will be

given in the next section.

Theorem 1. If a Boolean functiory can be computed by a threshold circGibf energy complexity
e and sizes, then f can be computed also by a threshold ciradiitof depthd’ = 2e + 1 and size

2es + 1.



We immediately obtain the following corollary from Theorem 1.

Corollary 1. If a Boolean functiory of n variables can be computed by a threshold circuliof
constant energy complexity and polynomial size,ithen f can be computed also by a threshold

circuit C’ of constant depth and polynomial sizenin

We now define thenergy complexity(f) of a Boolean functiorf as the minimum energy
complexity ec among all the polynomial-size threshold circuitscomputing f. Similarly we
define thedepth complexityl(f) of a Boolean functiory. The two complexitieg(f) andd(f)
have completely different physical meanings, but Theorem 1 immediately implies that there is a

simple relationship between them, as follows.
Corollary 2. For every Boolean functioff, d(f) < 2e(f) + 1.

A Boolean functionf is non-trivial if f(x) = 1 for somex € {0,1}" and f(z’) = 0 for
somex’ € {0,1}". Thus, if f is non-trivial thene(f) > 1, while if f is trivial thene(f) < 1
andd(f) = 1. The upper bound(f) < 2¢(f) + 1 ond(f) in Corollary 1 can be improved
to d(f) < 2e(f) if fis non-trivial, as stated in Section 4. The bouf{g) < 2¢(f) cannot be
improved tod(f) < (2 — e)e(f) for any numbek > 0, as follows. Letn be the number of input

variables, and let > 2. Leta be an integer such that< a < n, and letf be
i n
1 if Yz =a;
=1

0 otherwise

flx) = (1)

Then f is non-trivial, and can be computed by the threshold cir€uin Fig. 2, which has the
energy complexityy = 1. However, f cannot be computed by any threshold circulitof depth

d=1<(2—¢)e.

3 Proof of Theorem 1

We prove Theorem 1 in this section.
Suppose that a Boolean functigncan be computed by a threshold circtitof energy com-
plexity e and sizes. In Section 3.1, we construct a threshold ciratiitcomputingf, and show

thatC’ has depthl’ = 2e + 1 and sizes’ = 2es + 1. In Section 3.2, we prove that’ computesf.
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Figure 3: Weights of; in C..

3.1 Construction of C’

Suppose that a threshold circditcomputingf consists ofs threshold gatesg,, g9, - - , gs, and
thatg; is the output gate af’. One may assume that, g, - - - , g5 are topologically ordered with

respect to the underlying acyclic graph@f as illustrated in Fig. 1. Thus, for ea¢hl < i < s,

the inputz; to a gatey; either consists of all the inputszy, zo, - - - , z,, to C and the outputs of all
thei — 1 gatesgy, go, - - - , gi—1 precedingg; or consists of some of them. We denote the weights
of g; forinputsxy, zg, - -+ , &, DY w; 1, w; 2, -, w; pn, respectively, and denote the weightsgpf
for the outputs ofy1, g2, - - - , gi—1 by W; 1, W; 2, -+ , Wi -1, respectively, as illustrated in Fig. 3.

Some of the weights may be zero. ltebe the threshold of;. Then the outpug;[x] of g; is
n i—1
gilw] = sign [ > wija; + > wirgile] —ti |- (2)
j=1 k=1

Figure 4 illustrates the circuif’ which we are going to construct. The circdit has depth

d' = 2e + 1. There are exactly gatesgl, g, -- , g\ in thel-th layer of C’ for each integet,
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Figure 4: Sketch of”.

1 <1 < 2e, and there is only the output gag& ! of C’ in the top Qe + 1)-st layer ofC’. Thus
C’' has sizes’ = 2es + 1.

Intuitively speaking, each pair of layers of C’ "finds” the next gate with output 1 in C. More
precisely, the circuit Csatisfies the following lemma, whose proof is omitted in this extended

abstract due to the page limitation.

Lemma 1. Letx € {0, 1}" be an arbitrary input toC'. Letg,,, ga,, - - s Ga, () DO thee(x) gates
outputting “1” for x, and letl < a; < ag < -+ < agg) < s. Thusg,, fires first, g,, fires
second, and subsequently, .., fires last forz in C, as illustrated in Fig. 5(a) fore such that

f(x) = gs(x) = 1. Then the following (a) and (b) hold. (See Fig. 5(b).)



gateno. 1 2 --- & -+ @ S = ey
(a) Circuit C
2e-+1

: o o oo .t Lemma 1(b)
2ex)*1 {0 000 --- 000 --- 0

2¢x) [00--00 - 000 - 1]
2¢x)-1{0 0~ 00 - 000 - 1

Lemma 1(a)

4 00---00:--100 -0
3 00--00 - 1 * = - %
2 00---10--000---0
1 00 - 1 % - * ok %k * %k
layer 1 2--a - S = U,x)
gate no.
(b) Circuit C'

Figure 5: Firing patterns of (&) and (b)C’ for « such thatf(x) = 1 and

1 <e(x) < ec, Wwherex means 0 or 1.

(a) For every integet, 1 < < e(x), and every index, 1 <i < s,

0 ifl<i<a —1;
g ] = T :
1 Ifi:al

and

1 ifi=ay;
g;' ] {

0 otherwise.

(b) For every integet, e(x) + 1 <1 < ec, and every index, 1 < i < s,

g 'zl =0

®3)

(4)

®)



and

gi'x] = 0. (6)

We now show how to construct’ by separating th@e + 1 layers into the following four sets

of layers.

(1) First layer
As illustrated in Fig. 4, each gapé, 1 <1 < s, inthe first layer ofC’ has the same threshold
t; asg; in C, and receives inputs only from the input nodgszxs, - - - , z,, with the same weights

asg;. Thus, the outpuy? [z] of g} is

gil [ar:] = Sign (i Wy, jT5 — ti) (7)
j=1

for every inpute € {0, 1}". From Eq. (2) and Eq. (7), we have

gi (@] = gila] if gi[@] = golx] = - = gia[@] = 0. ®)
If e(x) > 1, then the gate,, fires first forz in C and hence we have from (8)
) 0 ifl<i<a—1;
g; (x) = . 9)
1 ifi= aj.

Thus Eq. (3) holds fot = 1. If e(x) = 0, theng;[x] = 0 for everyi, 1 < i < s, and hence by (8)

gilx] =0 (10)

for everyi, 1 <i <s. Thus Eqg. (5) holds fot = 1.

(2) Even-numbered layers
We design gate@fl 1 <i < s, inthe2l-thlayer,1 <[ < e, as follows. The gate; 2l receives,

as inputs, only the outputs ofjatesg? 1, g2 =1, --. | g%~ in the @I — 1)-th layer, as illustrated

in Fig. 6. The weights for the outputs gf !, g3, -, g?'1" are—1’s, and the weight for the

output ofg?~! is 1. The gate/?’ has a threshold. Thus, the outpuy? [x] of ¢?' is

'l —Slgn< 292’ o] + g7~ l[w]—1> (11)

9
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Figure 6: Construction of an even-numbered layef'in

for every inputz € {0,1}". Therefore,

¢?[z] =1 ifand only if

B = g8 Mal = - = ¢ ] = 0 andg? fa] = 1.

1

(12)

Hence, ifgf"1 fires first among the gates in thé2! — 1)-th layer, then onlygfl fires among the
s gates in thel-th layer.
Let! = 1, and consider gateg, 1 < i < s, in the second layer. ¥(x) > 1, then Egs. (9)
and (12) imply
1 ifi= ag;

gilx) = _ (13)
0 otherwise

Thus Eq. (4) holds fot = 1. If e(x) = 0, then Egs. (10) and (12) imply tha¢[z] = 0 for every

i, 1 <1i < s. Thus Eq. (6) holds fof = 1.

(3) Odd-numbered layers

We now design gatg? !, 1 < i < s, in the @I — 1)-th layer,2 < [ < e. Asiillustrated in

Fig. 7, the gatg? ! has the same threshdidasg; in C, and receives inputs;, za, - - - , z,, with
the same weights ag in C. Thus the weights of?' ! for 21, za, - - - , 2, @rew; 1, w; 2, - - , Win,
respectively. The gat Z.Ql‘l receives, as inputs, also the outputs of gat&s, g3, - -+ , g7™ in
the 2m-th layer for eachm, 1 < m <[ — 1, with weightsw; 1, w; 2, - - - , W;;—1, respectively. In

addition,g?'~! receives the output g™ with weight—W for eachm, 1 < m < [ — 1, wherelW

is a sufficiently large positive integer. For example, we chddsso that

n i—1
W > ma a Uy D; x| —1t;|. 14
jax max ;wz,jxﬂr;w@,kgk[ | —ti (14)

10
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Figure 7: Construction of an odd-numbered laye€in

We thus have

n -1 +—1 -1
g Ml =sign | > wijz+ Y Y wikgi el = > Wt lal —t; | - (15)
7j=1 m=1 k=1 m=1
Hence,gf"1 does not fire if at least one of tlie- 1 gatesg?, g, - - - ,gf(l_l) fires.

(4) Top layer
There is only the output gatg©+! in the top Qe + 1)-th layer ofC’. The threshold of the gate
g2¢*lis 1, andg?“*! receives the outputs efgatesg?, g2, - - - , g2¢ with weights 1, as illustrated

in Fig. 8. Thus

92" [x] = sign (i g7 (=] — 1) : (16)
=1

Hence,g2¢*! computes the OR of outputs ¢f, ¢, - - - , g2¢.

We have thus completed the constructior6f

11
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Figure 8: Connections to the output ggfé*! in C.

3.2 (' computesf

In the section, we prove that the circdit constructed in Section 3.1 computgghat is,C’(x) =
f(x) for every inputz € {0,1}". We separate the proof into two casg&r) = 1 andf(x) = 0,

as follows.

Casel: f(x) = 1.
In the casef(x) = C(x) = gs[z] = 1, and hence(x) > 1 anda,(,) = s as illustrated in

Fig. 5(a). Substituting = s andl = 1,2, --- ,e(x) in EQ. (4), we obtain
200 — Alpl — ... — 2@ 1)) — 17
gs[a:] _gs[w]_ _gs [w]—o ( )
and
g3 @[z] = 1. (18)
Substitutingi = s andl = e(x) + 1,e(x) + 2,--- , e in EQ. (6), we have
g, @ [z] = g2 @D [a) = ... = g2¥[z] = 0, (19)
By Egs. (17)>-(19), we have

igil @] = 1. (20)
=1

12



Equations (16) and (20) imply that

C'(x) = g2 [x] = sign(0) = 1 = f(x).

Case2: f(x) = 0.
Inthe casef(x) = C(x) = gs[x] = 0and hencey, az, - - -, a.z) < s. Therefore, by Eq. (4)
and Eq. (6), we have

> gdx] =o0. (21)
=1
Equations (16) and (21) imply that

C'(x) = g7 [a] = sign(~1) = 0 = f(x).

4 Conclusions

In the paper, we prove that a very simple relationsHip) < 2e(f) + 1 holds for every Boolean
function f, wheree(f) is the energy complexity and( f) is the depth complexity of. More
precisely, we prove that if a functiofican be computed by a threshold ciroitof energy com-
plexity e and sizes then the functionf can be computed also by a threshold cireifitof depth

d = 2e+1ands’ = 2es + 1. Lemma 1 implies that the energy complexityof C’ satisfies

¢/ <e(s+1)+1. Thus, the energy complexity of C’ is not necessarily small even if the energy
complexitye of C' is small. Letnyi,. be the number of wires it that is,nyie iS the number of
all the non-zero weights); ; andw; ,, 1 <i <s,1 <35 <n,1 <k <i-1,inC. Then the

< es? 4 €2 nyire. Letng, be the maximum fan-in of gates in

of wiresinC’ isn/

wire

numbern.; .
C, then the maximum fan-in{, of gates inC” is n{, < max{s,e(ni, + 1)}. If all the weights
and thresholds i@’ are integers, then all of them @ are integers, too.

One can indeed decrease the depthf the circuitC’ in Theorem 1 by 1 iff is non-trivial and
hencee > 1, as follows. Since the— 1 gatesg?®, g3, - - - , g2¢, in the2e-th layer have out-degree
0 as illustrated in Fig. 5, these— 1 gates can be removed frofif. The two gateg?° andg2¢*!

can be merged into a single output gat&’bfOne can thus construct a circit of depthd’ = 2e

13



and sizes’ = s(2e — 1) + 1. We hence havé(f) < 2¢(f) for every non-trivial Boolean function
f.

One can easily generalize Theorem 1 forsaroutput Boolean functiory : {0,1}" —
{0,1}™, wherem is any positive integer, as follows. If such a functifrcan be computed by
a threshold circuiC of energy complexity and sizes, then f can be computed also by a thresh-
old circuitC’ of depthd’ = 2e + 1 and sizes’ = 2es +m. The construction of” is similar to that
in Section 3.1 except for the top layer, in which theresareutput gates of”, each corresponds
to one of them output gates i’ and is designed similarly age+!.

One would expect that the following proposition, which is a converse proposition of Corollary
2, holds:e(f) = O(d(f)) for every Boolean functiorf. However, the proposition does not hold,
as follows. The addition of twa-bit numbers can be computed by a threshold cir€udf depth
d = 2 [14], while every circuitC' computing the addition has energy complexiti n.

A threshold circuit of constant depth and polynomial size has fairly big computational power;
for example, not only the addition but also the multiplication of tw«bit numbers can be
computed by such a circuit [12, 13, 19]. On the other hand, some functions cannot be com-
puted by any threshold circuit of polynomial size and depth 2 or 3 under some restrictions on
weights, thresholds, fan-ins, etc [1, 2, 3, 4]. It is interesting to know whether there is a function
f:+{0,1}" — {0, 1} which cannot be computed by any threshold circuit of polynomial size and

constant energy complexity.
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Appendix: Proof of Lemma 1

In the section, we prove Lemma 1 by inductionion

LetA = {a1,a2,  ,ac@m)}, andletd; = {a € A|a <i—1} foreveryinteger, 1 <i < s.
ThenA; = 0, and ife(z) = 0thenA = A} = Ay = -+ = A, = . Clearly, gx[z] = 1,

1 <k <s,ifand only ifk € A. Therefore, Eq. (2) can be rewritten as follows:

gile] = sign (Z w; ;T + Z Wi q — ,) . (22)

a€A;

We prove Lemma 1(a) in Section A.1 and Lemma 1(b) in Section A.2.
A.1  Proof of Lemma 1(a)

We have already proved if1) and(2) of Section 3.1 that Eq. (3) and Eq. (4) hold for 1.

Let [ be an integer such that < [ < e(x), and assume that Eq. (3) and Eq. (4) hold for
every integem, 1 < m < [ — 1. We then prove that Eq. (3) and Eg. (4) hold for the integer
[. Equation (4) immediately follow from Eg. (3) and (12). It thus suffices to prove only Eqg. (3).
Therefore, one may assume that i < q;.

The second term in the parenthesis of the right hand side of Eq. (15) can be expanded as
follows:

-1 1 i—
Z wz kgk Z wz kgk ] + Z wl,kgé[ -+ Z wl kg2l 2 :13 . (23)

m=1 k=1

i—

Since we assume that Eq. (4) holds for every integet < m <[ -1,
om 1 ifk=a,
g " x] = ]
0 otherwise

for everyk, 1 < k < s. Therefore, then-th term in the right hand side of Eq. (23) is

-1  om Wia, I am <i—1;
S rgia) = _ (24)
k=1 0 otherwise

Sincel < i < qy, the equatioru,,, < i — 1 impliesm < [ — 1. Therefore, Eqs. (23) and (24)
imply that

-1 1

Wi kgk Z wz a: (25)

1 a€A;

~.
|

>
I

m=1
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By Egs. (15) and (25), we have

n -1
g?l_l[d}] = sign (Z w; ;T + Z u)i,a — Z Wg,?m[:li] — ti) . (26)
j=1 m=1

acA;

We separate the proof of Eq. (3) into two caseg,A andi € A, as follows.

Casel: i ¢ A.
In this case, we have< i < a; — 1 becausd < i < g; andi ¢ A. Therefore, we shall prove

thatg? ~![x] = 0. Sincei ¢ A, the gatey; in C does not fire fore and hence by Eq. (22)

7

gz[$] = sign (Z Wi ;T + Z UA)i’a — ti) =0. 27)
J=1

CLEAZ'

Sincei ¢ A and we assume that Eqg. (4) holds for every integerl < m < [ — 1, we have

g?™[z] = 0 for every integern, 1 < m < — 1, and hence

-1
> Wgimx] = 0. (28)
m=1

By Eqgs. (26) and (28), we have

gizl_l[a:] = sign (Z w; ;T + Z Wi — tz) . (29)
j=1

a€A;

Equations (27) and (29) imply thaf' ' [x] = g;[x] = 0.

Case2: i ¢ A.

In this case, we shall prove that
g Ml =1 (30)
and
2-11g) = 0 (31)

(2

ifl1<i<gq —1.
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We first prove Eq. (30). Substituting= a; in Eq. (22), we have
o, [] = sign (Z Wi + Y e — ta ) = 1. (32)
(leAal

Since Eq. (4) holds for every integer, 1 < m <[ — 1, we have

-1
> garx] = 0. (33)
m=1

Substitutingi = a; in EQ. (26) and then using Eqg. (33), we have

g2 ~Vz] = sign (Zwa”:cj + ) taga - a) : (34)

aeAal
Equations (32) and (34) imply thaf! ! [x] = g4, [x] = 1, and hence Eq. (30) holds.
We then prove Eq. (31). Sindec A andl < i < a; — 1, we havei = a, for some index,

1 <r <1 —1. Substituting = a, in Eq. (4) for each integen, 1 <m <[ — 1, we obtain

92 [x] =gt [x] = - = g2 V[z] = 0, (35)
97 [x] =1 (36)

and
g2 [z] = 2 [z] = - = g2 2[z] = 0. (37)

Equations (35)(37) imply that

- i Woal'[x] = ~Wgix] = —W. (38)

Substituting: = a, and Eq. (38) in the parenthesis in the right hand side of Eq. (26) and then using
Eq. (14), we have

-1
Z Wa,,jT5 + Z Wa,,a — Z WQZT (]
m=1

a€Aq,

(Z Wa, jTj + Z Wa,,a — tar) - W <.

a€Aq,
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Thus Eq. (26) implies thaf?’~![z] = 0, and hence Eq. (31) holds.
A.2  Proof of Lemma 1(b)

Equation (6) immediately follows from Eq. (5) and (12). We thus prove only Eq. (5) by
induction on/.
(1) Induction basis

We prove that Eq. (5) holds for the inteder e(x) + 1 < ec.

Consider first the case wheegx) = 0. In this case, we have = e(x) + 1 = 1. Since

e(x) = 0, EQ. (2) implies that

= sign <Z Wi T — ) =0 (39)

for every index, 1 < i < s. By Eq. (7) and Eq. (39), we havg [z] = g;[z] = 0 for every index
i, 1 <i < s, and hence Eq. (5) holds for= e(x) + 1.

Consider next the case wherer) > 1. An argument similar to Eqgs. (23)25) implies that

Z Z wz kgk; Z w; ,a (40)

m=1 k=1 a€A;
for every indexi, 1 < i < s. Substituting = e(x) + 1 in Eq. (15) and then using Eq. (40), we
have

e(x)
2e(ac)+1 = sign (Z Wi ;%5 + Z Wi q Z Wg ) . (42)

acA;

We separate the proof of Eq. (5) foe e(x) + 1 to the following two cases.

Casel:i ¢ A.
In this caseg;[x] = 0, and hence by Eqg. (22) we have

= sign Zwmxj + Y g —ti | =0. (42)
a€A;
Equations (4) and € A imply thatg?™[z] = 0 for everym, 1 < m < e(z), and hence we have

e(x)
> Wgimx] =0. (43)
m=1
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By Eq. (41)-(43), we have

2@tz = sign (Zw”x]—i— > g —t ) =0, (44)

a€A;

and hence Eq. (5) holds for= e(x) + 1.

Case2: i € A.
Leti = a, € A, wherel <r <e(x) =1-— 1. Sincel = e(x) + 1, Eq. (4) implies that

go @) = ga [x] = = g2 V]a] =0, (45)
Gay 1] =1, (46)

and
92£T+1)[ | = 92£r+2)[ == ggf(w) [x] = 0. (47)

By Eqs. (45)-(47), we have

- Wailw) = —Wgil[z] = —W. (48)

Substituting = a, and Eq. (48) in the parenthesis in the right hand side of Eq. (41) and then using
Eq. (14), we have

e(x)
Zwaﬁjmj + Z war,a Z Wg
acA;
Zwamﬂ'g + Z Wa,,a = ta, | =W <0. (49)
a€Aaq,
Equations (41) and (49) imply thaf*®*" (] = 0, and hence Eq. (5) holds for= e(z) + 1.

(2) Induction hypothesis
Let ! be an integer such thatx) + 2 < [ < e, and assume that Eq. (5) and Eq. (6) hold for

every integerm, e(x) + 1 <m <[ —1.
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(3) Induction step for Eq. (5)

We prove that Eq. (5) holds for the intedeiSince Eq. (6) is assumed to hold for every integer
m, e(x) +1 <m <1 -1, we haveg?™[z] = 0 for every integem, e(z) +1 < m <1 -1, and
every indexi, 1 <i < s. Thus, for every index, 1 < i < s, we have

-1 i—1 e(x) 1—1

wy kgk Z Z wz kgk (50)

m=1 k=1 m=1k=1
and
-1 e(x)
Y Wgimta] = ) Wei[a. (51)
m=1 m=1

Using Egs. (15), (50) and (51) and then applying the induction basis, we have

g2 x] = sign (Zw”x] +22w1 kP [z ZWg ti)

=1 k=1
= g a]

= 0

and hence Eq. (5) hold far
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