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Abstract. A linear decision tree is a binary decision tree in which a
classification rule at each internal node is defined by a linear threshold
function. In this paper, we consider a linear decision tree T where the
weights w1, w2, ..., wn of each linear threshold function satisfy

P

i |wi| ≤
w for an integer w, and prove that if T computes an n-variable Boolean
function of large unbounded-error communication complexity (such as
the Inner-Product function modulo 2), then T must have size (i.e., the

number of leaves) 2Ω(
√

n)/w. To obtain the lower bound, we utilize a
close relationship between the size of linear decision trees and the energy
complexity of threshold circuits; the energy of a threshold circuit C is
defined to be the maximum number of gates outputting “1,” where the
maximum is taken over all inputs to C. In addition, we consider threshold
circuits of depth ω(1) and bounded energy, and provide two exponential
lower bounds on the size (i.e., the number of gates) of such circuits.

1 Introduction

A linear decision tree is a binary decision tree in which a classification rule at
each internal node is defined by a linear function so that right and left edges
correspond to ≥ 0 and < 0, respectively. The complexity of a linear decision
tree is usually measured by the depth and the size, where the depth is the
length of the longest path from the root to a leaf and the size is the number of
leaves. The depth and size are reasonable measures of time and space required
for the corresponding algorithm, respectively. In previous research, the depth
complexity of linear decision trees is extensively studied, and lower bounds are
obtained for many problems [3–5, 8, 16]. In particular, Gröger and Turán obtain
a linear lower bound on the depth of the linear decision trees computing the
Inner-Product function IPn [8]. However, the size complexity is less understood
especially for Boolean functions. Since the depth is a lower bound on the size,
the liner lower bound on the depth given in [8] yields a linear lower bound on
the size. To the best of our knowledge, this is the largest known lower bound on
the size of linear decision trees computing an explicit Boolean function.
⋆ Supported by MEXT Grant-in-Aid for Scientific Research (C) No.20500001



In this paper, we restrict ourselves to the case where the weights of each lin-
ear functions are not too large, and show an exponential lower bound on the size
of linear decision trees for a large class of Boolean functions including the Inner-
Product function IPn. More precisely, we prove that any linear decision tree
computing an n-variable Boolean function of unbounded-error communication
complexity Ω(n) has size 2Ω(

√
n)/w, provided that the linear threshold function

at each internal node has a weight vector (w1, w2, ..., wn) such that
∑

i |wi| ≤ w;
hence we have an exponential lower bound on the size if w = 2o(

√
n). For the

model of ternary decision trees computing a function f : Rn → {0, 1} where
each internal node gives ternary classification into ”> 0”, ”= 0”, or ”< 0”, ex-
ponential lower bounds are known even if the classification rule is defined by
a high degree polynomial [2, 9]. However, they consider ternary decision trees
computing a real function, and hence their results do not immediately imply
lower bounds for binary linear decisions computing a Boolean function. In fact,
the explicit function used to derive the exponential lower bound on the size of
ternary decision trees in [9] can be computed by a binary linear decision tree of
polynomial size. In the paper [5], Fleischer obtained an exponential lower bound
on the size of binary linear decision trees, but they consider a real function too.
For a simpler and more standard model of binary decision trees in which the clas-
sification rule is defined by a Boolean variable, Wegener derives an exponential
lower bound on the size of the trees computing the Parity function [20].

To obtain our lower bound, we utilize a close relationship between the size of
linear decision trees and the energy complexity of threshold circuits; a threshold
circuit is a combinatorial circuit of threshold gates, and the energy of a threshold
circuit C is defined to be the maximum number of gates outputting “1,” where
the maximum is taken over all inputs to C. More precisely, we use the following
fact given by Uchizawa et al. in [18]: if a function f cannot be computed by any
threshold circuit of size O(l), energy O(log l) and weight O(w), then f cannot be
computed by any linear decision tree of size O(l) and weight O(w) either. Thus,
a lower bound on the size of threshold circuits of small energy and weight implies
a lower bound on the size of linear decision trees. Using the unbounded-error
communication complexity argument, we prove that if a threshold circuit C of
energy e and weight w computes IPn, then the size s of C is s = 2Ω(n/e)/w,
which suffices to provide the desired lower bound for linear decision trees. Our
result appears to be the first application of the notion of energy complexity of a
threshold circuit for a computational model other than a threshold circuit.

In addition, we obtain lower bounds on the size (i.e., the number of gates)
of threshold circuits of depth ω(1) and bounded energy. The above lower bound
2Ω(n/e)/w immediately yields an exponential lower bound on the size of threshold
circuits of energy no(1) and weight 2o(n). Note that this lower bound is indepen-
dent of depth. We also consider the case where weights of threshold gates are
unrestricted, and provide an exponential lower bound on the size of threshold
circuits of depth no(1) and energy O(1). These two exponential lower bound are
of independent interest, since they contrast with the known super-polynomial
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lower bounds for threshold circuits which require the depth to be a constant
with further restrictions on fan-in, weight, or energy [1, 6, 7, 10–12, 15, 19].

The rest of the paper is organized as follows. In Section 2, we define some
terms on linear decision trees, threshold circuits, and communication complexity.
In Section 3, we give the lower bound for linear decision trees and a technical
lemma. In Section 4, we prove the technical lemma. In Section 5, we give lower
bounds for threshold circuits of depth ω(1) and bounded energy. In Section 6,
we conclude with some remarks.

2 Definitions

2.1 Linear Decision Trees

Let g be a linear threshold function with n inputs, weights w1, w2, . . . , wn and
a threshold t. Then, for every input x = (x1, x2, . . . , xn) ∈ {0, 1}n, g(x) =
sign (

∑n
i=1 wixi − t) where sign(z) = 1 if z ≥ 0 and sign(z) = 0 if z < 0. We

assume throughout the paper that the weights and threshold of every threshold
function are integers. A linear decision tree T computing a Boolean function of
n variables is a binary decision tree in which each internal node is labeled by a
linear threshold function of the n variables and each leaf is labeled by 0 or 1. For
a given input x ∈ {0, 1}n, the output T (x) of T is determined by the following
procedure starting from the root until reaching a leaf: if the linear threshold
function at the current node outputs 0 for the input x, then go to the left child;
otherwise go the right. If the leaf reached is labeled by z ∈ {0, 1}, then T (x) = z.
The size l of T is defined to be the number of leaves in T . We say that T has
weight w if the linear threshold function sign(

∑
i wixi − t) at each internal node

of T satisfies
∑

i |wi| ≤ w.

2.2 Threshold Circuits

A threshold gate with an arbitrary number k of inputs computes a linear thresh-
old function of k inputs. A threshold circuit is a directed acyclic graph where each
internal node is a threshold gate or an input variable. The size s of a threshold
circuit is defined to be the number of threshold gates in the circuit.

Let C be a threshold circuit computing a Boolean function f of n vari-
ables x1, x2, . . . , xn, and have size s. Let g1, g2, . . . , gs be the gates in C,
where g1, g2, . . . , gs are topologically ordered with respect to the underlying
directed acyclic graph of C. We regard the output of gs as the output C(x)
of C, and call the gate gs the top gate of C. A threshold circuit C com-
putes a Boolean function f : {0, 1}n → {0, 1} if C(x) = f(x) for every input
x = (x1, x2, . . . , xn) ∈ {0, 1}n. We say that C has weight w if the sum of the
absolute values of the weights for the n input variables x1, x2, . . . , xn of each
gate in C is at most w. Note that only the weights of the input corresponding
to x1, x2, . . . , xn are taken into account. The level of a gate in C is the length
of the longest directed path to the gate from an input node. The depth d of C is
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the level of the top gate gs of C. We define the energy e of a threshold circuit C
as the maximum number of gates outputting “1”, where the maximum is taken
over all inputs x ∈ {0, 1}n [18]. Thus, e = maxx∈{0,1}n

∑s
i=1 gi(x), where gi(x)

is the output of gi for x ∈ {0, 1}n. Clearly 0 ≤ e ≤ s. It should be noted that
the inequality d ≤ e does not necessarily holds for threshold circuits of depth d
and energy e. For example, the Parity function of n variables can be computed
by a threshold circuit of size O(n), depth O(n), and energy two [17].

2.3 Communication Complexity

Consider a game of two players, say Alice and Bob, with a Boolean function
f : {0, 1}n × {0, 1}n → {0, 1}, where Alice and Bob have unlimited compu-
tational power. Alice receives an input x ∈ {0, 1}n and Bob does an input
y ∈ {0, 1}n. Alice and Bob exchange bits according to a protocol, and try to
compute the value f(x,y). The cost of a protocol is defined to be the maximum
number of exchanged bits in the protocol. There are several variants of commu-
nication complexity measures of Boolean functions. In this paper, we consider
the following three of them.

Definition 1. The deterministic communication complexity of f(x, y), denoted
by D(f), is defined to the minimum cost over all the deterministic protocols that
compute f(x, y) for every input x × y ∈ {0, 1}n × {0, 1}n.

Definition 2. Alice and Bob can use an unlimited “private” source of random
bits. The unbounded-error communication complexity of f(x, y), denoted by
U(f), is defined to be the minimum cost over all the randomized protocols that
compute f(x, y) correctly with probability strictly greater than 1/2 for every input
x × y ∈ {0, 1}n × {0, 1}n.

Definition 3. Alice and Bob share an unlimited “public” source of random bits.
For each real number ϵ, 0 ≤ ϵ < 1/2, the bounded-error communication com-
plexity of f(x, y), denoted by Rϵ(f), is defined to be the minimum cost over all
the randomized protocols that compute f(x, y) correctly with probability 1− ϵ for
every input x × y ∈ {0, 1}n × {0, 1}n.

The Inner-Product function IPn of 2n variables is defined as follows. For
every pair of inputs x = (x1, x2, · · · , xn) ∈ {0, 1}n and y = (y1, y2, · · · , yn) ∈
{0, 1}n, IPn(x, y) = x1y1⊕x2y2⊕· · ·⊕xnyn, where ⊕ denotes the XOR function.
It is known that IPn has large unbounded-error and bounded-error communica-
tion complexity:

Proposition 1 ([6, 13]). U(IPn) = Ω(n), and R 1
2−δ(IPn) = Ω(n + log δ) for

every number δ, 0 < δ ≤ 1/2.

3 Lower Bounds for Linear Decision Trees

Our main result is the following lower bound on size of linear decision trees:
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Theorem 1. Let f be a Boolean function of n variables such that U(f) = Ω(n).
If a linear decision tree T of weight w computes f , then the size of T is 2Ω(

√
n)/w.

By Proposition 1 and Theorem 1, we immediately obtain the following exponen-
tial lower bound on the size of linear decision trees.

Corollary 1. If a linear decision tree T of weight w = 2o(n) computes IPn, then
the size of T is 2Ω(

√
n).

We below give a proof of Theorem 1. In the paper [18], Uchizawa et al.
show that there is close relationship between linear decision trees and threshold
circuits of small energy, as follows.

Lemma 1 ([18]). Assume that a Boolean function f : {0, 1}n → {0, 1} can be
computed by a linear decision tree of l leaves and weight w. Then f can also be
computed by a threshold circuit C of size O(l), energy O(log l) and weight O(w).

In other words, if a function f cannot be computed by any threshold circuit
of size O(l), energy O(log l) and weight O(w), then f cannot be computed by
any linear decision tree of size O(l) and weight O(w). Thus, a lower bound for
threshold circuits implies a lower bound for linear decision trees. The following
theorem gives the desired lower bound.

Theorem 2. Let f be a Boolean function of n variables such that U(f) = Ω(n).
If f can be computed by a threshold circuit C of energy e and weight w, then the
size s of C is s = 2Ω(n/e)/w.

Combining Lemma 1 and Theorem 2, we can easily prove Theorem 1 as follows.
Proof of Theorem 1. Let T be a linear decision tree that computes IPn and
has size l and weight w. If log l ≥

√
n, we are done. Consider the other case

log l <
√

n. (1)

Then Lemma 1 implies that IPn can be computed by a threshold circuit C of
size s = O(l), energy e = O(log l) and weight O(w). By Theorem 1, we have
l ≥ 2Ω(n/ log l)/w, and hence Eq. (1) implies that l = 2Ω(

√
n)/w. ⊓⊔

Thus, it suffices to prove Theorem 2. We prove Theorem 2 by an unbounded-
error communication complexity argument used in [7]. The following lemma
summarize the argument.

Lemma 2. Assume that a Boolean function f : {0, 1}n → {0, 1} can be repre-
sented by a threshold function of a number k of Boolean functions f1, f2, . . . , fk

with weights w1, w2, . . . , wk, that is,

f(x) = sign

(
k∑

i=1

wifi(x)

)
(2)

for every input x ∈ {0, 1}n. Then

U(f) ≤ max
i

D(fi) + O(log k). (3)
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The proof of Lemma 2 is simple and omitted due to the page limitation, but
described in the appendix for completeness. Lemma 2 implies that we can ob-
tain an upper bound on the unbounded-error communication complexity of a
Boolean function f by expanding f to a linear combination of Boolean functions
f1, f2, . . . , fk. The following lemma plays a key role in our proof, and give such
Boolean functions.

Lemma 3. Assume that a Boolean function f : {0, 1}n → {0, 1} can be com-
puted by a threshold circuit C of size s, depth d, energy e and weight w. Then
f can be represented by a threshold function of a number k of depth-2 threshold
circuits C1, C2, . . . , Ck with weights w1, w2, . . . , wk, where

k =
e∑

i=0

(
s

i

)
≤ se. (4)

That is,

f(x) = sign

(
k∑

i=1

wiCi(x)

)
(5)

for every input x ∈ {0, 1}n. Besides, for every index i, 1 ≤ i ≤ k, Ci has size

si ≤ e + 1, (6)

and weight w. Moreover, the weights w1, w2, . . . , wk satisfy

k∑
i=1

|wi| ≤ s2(d+1)e+1
. (7)

Remark. The above lemma has a quiet similar form to Lemma 2 in [19]. The
main difference between them is that the right hand side of Eq. (7) is s2(d+1)e+1

while that of the corresponding equation of Lemma 2 in [19] is 2s3(e+1)d

. Note
that the depth d and energy e symmetrically appear in the exponents in the
formulas. This difference is critical to yield an exponential lower bound on the
size of threshold circuits of depth ω(1) in Section 5. In fact, we require a new
idea to obtain Eq. (7).

We prove Lemma 3 in the next section. Lemma 2 and 3 immediately imply
Theorem 2, as follows.

Proof of Lemma 2 Let f be a Boolean function of 2n variables such that

U(f) = Ω(n). (8)

Assume that f can be computed by a threshold circuit C of size s, depth d,
energy e and weight w. Lemma 3 implies that f can be represented by a thresh-
old function of a number k of threshold circuits C1, C2, . . . , Ck with weights
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w1, w2, . . . , wk satisfying Eqs. (4)−(6). For each integer i, 1 ≤ i ≤ k, let fi be
the function that Ci computes, then Eq. (3) implies that

U(f) ≤ max
i

D(fi) + O(log k). (9)

Let si be the size of Ci. Since Ci has weight w, Alice and Bob can compute
the output of every gate in Ci by such a protocol that one of the players sends
in binary representation the sum of the products between the weights and the
inputs of the gate. Hence we have D(fi) = O(si log w) for every integer i, 1 ≤
i ≤ k. Thus, Eqs. (4), (6) and (9) imply that

U(f) = O(si log w + log k) = O(e(log w + log s)) (10)

By Eqs. (8) and (10), we obtain the desired result. ⊓⊔

4 Proof of Lemma 3

In this section, we prove Lemma 3. Assume that a function f : {0, 1}n → {0, 1}
can be computed by a threshold circuit C of size s, depth d, energy e, and weight
w. Let C consist of the gates g1, g2, . . . , gs. One may assume that g1, g2, . . . , gs

are topologically ordered with respect to the underlying directed acyclic graph of
C, and that gs is the output gate of C. For each index i, 1 ≤ i ≤ s, we denote by
wi,1, wi,2, . . . , wi,n the weights of the gate gi for the inputs x1, x2, . . . , xn and by
wi,g1 , wi,g2 , . . . , wi,gs

the weights of gi for the outputs of the gates g1, g2, . . . , gs,
respectively. Since the gates g1, g2, . . . , gs are topologically ordered, we have
wi,gi

= wi,gi+1 = · · · = wi,gs
= 0. We denote by ti the threshold of gi. Thus, the

output gi(x) of gi for x ∈ {0, 1}n is represented as

gi(x) = sign

 n∑
j=1

wi,jxj +
i−1∑
j=1

wi,gj gj(x) − ti

 . (11)

For each gate gi, 1 ≤ i ≤ s, we denote by lev(gi) the level of the gate gi in C.
We shall present threshold circuits and weights satisfying Eqs. (4)−(7).

Define S as a family of subsets of {1, 2, . . . , s} such that

S = {S ⊆ {1, 2, . . . , s} | 0 ≤ |S| ≤ e}.

For every set S ∈ S, we construct a depth-2 threshold circuit CS consisting of
|S| + 1 gates as follows. In the first level, the circuit CS contains a gate gS

i for
every index i ∈ S that computes

gS
i (x) = sign

 n∑
j=1

wi,jxj +
∑
j∈S

wi,gj − ti

 (12)
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for every input x ∈ {0, 1}n. In the second level, CS contains a gate gS computing
AND of the outputs of the gates gS

i for every i ∈ S, that is,

CS(x) = gS(x) = sign

(∑
i∈S

gS
i (x) − |S|

)
. (13)

If S = ∅, then CS(x) = sign(0) = 1 for every input x ∈ {0, 1}n.
For each set S ∈ S, we decide the weight wS for the circuit CS as follows.

For S = ∅, we decide wS = −1. For each set S ∈ S\{∅}, assume that S contain
the indices i1, i2, . . . , i|S| such that 1 ≤ i1 < i2 < · · · < i|S| ≤ s. Then we denote
by v = (v1, v2, . . . , ve) the weight vector for S defined as follows: For each index
j, 1 ≤ j ≤ e,

vj =
{

d + 1 − lev(gij ) if 1 ≤ j ≤ |S|;
0 if |S| + 1 ≤ j ≤ e.

Clearly, we have 0 ≤ vj ≤ d, for every index j, 1 ≤ j ≤ e. Then we define [S] as
the integer whose (d + 1)-nary representation is the weight vector v, that is,

[S] =
e∑

j=1

vj(d + 1)e−j .

We then decide the weight for CS as

wS =
{

k[S] if gs ∈ S;
−k[S] otherwise.

(14)

where

k = |S| =
e∑

i=0

(
s

i

)
.

Consequently, we obtain the following threshold function:

sign

(∑
S∈S

wSCS(x)

)
. (15)

In the rest of the section, we prove that the threshold function (15) satisfies
Eqs. (4)−(7).

Since

k = |S| =
e∑

i=0

(
s

i

)
≤ se,

Eq. (4) holds. Clearly, for every set S ∈ S, size(CS) = |S|+1 ≤ e+1, and hence
the threshold function (15) satisfies Eq. (6). Moreover, it holds that

[S] ≤
e∑

j=1

d · (d + 1)e−i ≤ (d + 1)e
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for every S ∈ S. Hence ∑
S∈S

|wS | =
∑
S∈S

k[S]

≤ k · k(d+1)e

≤ se(1+(d+1)e)

≤ s2(d+1)e+1
.

We have thus proved Eq. (7). Below, we prove Eq. (5), that is,

f(x) = sign

(∑
S∈S

wSCS(x)

)
. (16)

for every x ∈ {0, 1}n.
Consider an arbitrary and fixed input x ∈ {0, 1}n. Let

S∗ = {i ∈ {1, 2, . . . , s} | the gate gi outputs 1 for x in C}.

Thus, for every index i ∈ S∗,

gi(x) = 1. (17)

Let
F = {S ∈ S | ∀i ∈ S, the gate gS

i outputs 1 for x in CS},

then Eq. (13) implies that, for every set S ∈ F,

CS(x) = gS [x] = 1. (18)

Eqs. (11) and (12) imply that, for every index i ∈ S∗,

gi(x) = sign

 n∑
j=1

wi,jxj +
i−1∑
j=1

wi,gj gj [x] − ti


= sign

 n∑
j=1

wi,jxj +
∑
j∈S∗

wi,gj − ti

 = gS∗

i (x)

and hence Eq. (17) implies that gS∗

i (x) = 1. We thus have

S∗ ∈ F. (19)

Eqs. (18) and (19) imply that

gS∗ [x] = 1. (20)

Then the following claim holds.
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Claim. For every set S ∈ F\{S∗}, [S] ≤ [S∗] − 1.

The proof of Claim 1 is omitted due to the page limitation, but described in the
appendix. We are now ready to prove Eq. (16). There are two cases to consider:
(i) f(x) = C(x) = 1, and (ii) f(x) = C(x) = 0. We prove Eq. (16) only for the
case (i), since the proof for the other case is similar. Consider an arbitrary input
x such that f(x) = C(x) = 1. In this case, it suffices to prove that∑

S∈S
wSCS(x) ≥ 0. (21)

Eqs. (18) and (20) implies that∑
S∈S

wSCS(x) = wS∗ +
∑

S∈S\{S∗}

wSCS(x)

≥ wS∗ −
∑

S∈F\{S∗}

|wS |. (22)

Since C(x) = gs(x) = 1, we have s ∈ S∗, and hence Eqs. (14) and (22) imply
that ∑

S∈S
wSCS(x) ≥ k[S∗] −

∑
S∈F\{S∗}

k[S]. (23)

If F = {S∗}, then we have ∑
S∈S

wSCS(x) ≥ k[S∗] > 0,

and hence Eq. (21) holds. If F ̸= {S∗}, then Claim 1 implies that [S] ≤ [S∗] − 1
for every S ∈ F\S∗. Therefore, by Eq. (23) we have∑

S∈S
wSCS(x) ≥ k[S∗] − (k − 1)k[S∗]−1

= k[S∗]−1 > 0,

and hence Eq. (21) holds.

5 Lower Bounds for Threshold Circuits of Depth ω(1)

In this section, we give two exponential lower bounds on the size of thresh-
old circuits of depth ω(1). The first lower bound is immediately obtained from
Theorem 2, as follows.

Corollary 2. If IPn can be computed by a threshold circuit C of size s, energy
e = no(1) and weight w = 2o(n), then s = 2Ω(n1−o(1)).
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Note that the bound is, in fact, independent of depth.
The other lower bound is obtained from Lemma 2 by which arbitrary thresh-

old circuit C computing a Boolean function f can be converted to a threshold
function of a number k of depth 2 threshold circuits C1, C2, . . . , Ck of size at
most e + 1. This lemma enable us to use a standard communication complexity
argument that yields a lower bound on the size of threshold circuits of depth
three. More precisely, we obtain the following theorem.

Theorem 3. Assume that f is a Boolean function of 2n variables such that

R 1
2−δ(f) = Ω(n + log δ) (24)

for every number δ, 0 < δ ≤ 1/2. If a threshold circuit C of depth d and energy
e computes f , then the size s of C satisfies

s = exp
(

Ω

(
n

e(d + 1)(e+1)

))
(25)

We prove Theorem 3 in the appendix. Since IPn satisfies Eq. (24), Theorem 3
immediately yields the following corollary.

Corollary 3. If a threshold circuit C of depth d = no(1) and energy e = O(1)
computes IPn, then the size s of C satisfies s = 2Ω(n1−o(1)).

6 Conclusion

In this paper, we consider a binary linear decision tree T computing a Boolean
function f . We prove that if T has weight w and f has large unbounded-error
communication complexity, then T must have size 2Ω(

√
n)/w, which implies an

exponential lower bound on the size of linear decision trees computing IPn pro-
vided that w = 2o(

√
n). The energy complexity of threshold circuits plays im-

portant role in our proof; our result suggests that we can obtain a strong lower
bound for some computational model if the model can be simulated by threshold
circuits of small energy complexity.

In addition, we consider threshold circuits of depth ω(1) and bounded energy.
We obtain an exponential lower bound on the size of threshold circuits of energy
no(1) and weight 2o(n) and an exponential lower bound on the size of threshold
circuits of depth no(1) and energy O(1).
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Appendix

In this appendix, we describe proofs of Lemma 2, Claim 1, and Theorem 3.

Proof of Lemma 2
Let f : {0, 1}n × {0, 1}n → {0, 1}. Assume that f can be represented by a

threshold function of a number k of Boolean functions f1, f2, . . . , fk with weights
w1, w2, . . . , wk (See Eq. (49)). Without loss of generality, we assume that none
of the weights w1, w2, . . . , wk is zero. Let

W =
k∑

i=1

|wi|.

Below, we shall show that there is a randomized protocol that compute a value
of f by exchanging

max
i

D(fi) + O(log k) (26)

bits with error probability

ϵ <
1
2

(27)

Let fk+1 be a trivial Boolean function {0, 1}n×{0, 1}n → {1}. In the protocol,
Alice and Bob consider the following new threshold function:

sign

(
k+1∑
i=1

w′
ifi(x, y)

)
,

where w′
i = 2wi for each index i, 1 ≤ i ≤ k, and w′

k+1 = 1. Clearly,

k+1∑
i=1

w′
ifi(x, y) =

k∑
i=1

2wifi(x, y) + w′
k+1fk+1(x,y)

= 2

(
k∑

i=1

wifi(x,y) +
1
2

)
. (28)

The weights w1, w2, . . . , wk are integers, and hence the value

k∑
i=1

wifi(x, y)

is integer. Thus, Eq. (28) implies that

f(x,y) = sign

(
k+1∑
i=1

w′
ifi(x,y)

)
= sign

(
k∑

i=1

wifi(x, y)

)
. (29)
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and

k+1∑
i=1

w′
ifi(x, y) ̸= 0. (30)

Let

W ′ =
k+1∑
i=1

|w′
i|,

then

W ′ ≤ 2W + 1 ≤ 3W. (31)

Our protocol consists of the following three steps, and gives a Boolean value
b ∈ {0, 1} as f(x, y) for every x × y ∈ {0, 1}2n.

[Step 1] Using a random bit string, Alice chooses one of the indices 1, 2, . . . , k+1,
so that for each index i, 1 ≤ i ≤ k + 1,

Pr[Alice choose i] =
|w′

i|
W ′ (32)

where the probability is taken over all random strings. Suppose that Alice chooses
an index j, 1 ≤ j ≤ k+1. Then, Alice send the integer j in binary representation.

[Step 2] Using the best deterministic protocol for the function fj , Alice and
Bob computes fj(x, y).

[Step 3] If fj(x, y) = 1, then the output b ∈ {0, 1} of our protocol is decided as
follows:

b =
{

fj(x, y) if w′
j > 0;

fj(x, y) if w′
j < 0,

(33)

where fj(x, y) is the negation of fj(x,y). If fj(x, y) = 0, then Alice sends a
Boolean value 0 or 1 with probability 1/2 as the output b.

In Step 1, Alice sends O(log k) bits. In Step 2, Alice and Bob send at most
D(fj) bits. In Step 3, Alice sends at most one bit. We have thus verified Eq. (26).

We then prove Eq. (27). By Eq. (31), it suffices to prove that

ϵ ≤ 1
2
− 1

2W ′ . (34)

Consider an arbitrary fixed pair of inputs x, y ∈ {0, 1}n. We below prove Eq. (34)
only for the case where f(x,y) = 1, since the proof for the other case is similar.
Let I+, I− and I∗ be sets of the indices 1, 2, . . . , k + 1 defined as follows:

I+ = {i ∈ {1, 2, . . . , k + 1} | fi(x, y) = 1 and wi > 0};
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I− = {i ∈ {1, 2, . . . , k + 1} | fi(x, y) = 1 and wi < 0};

and
I∗ = {i ∈ {1, 2, . . . , k + 1} | fi(x,y) = 0};

By the protocol, we clearly have

ϵ = Pr[j ∈ I−] +
1
2
· Pr[j ∈ I∗]. (35)

Let W+,W− and W ∗ respectively denote

W+ =
∑
i∈I+

|wi|; W− =
∑
i∈I−

|wi|; W ∗ =
∑
i∈I∗

|wi|. (36)

Clearly, we have

W ′ = W+ + W− + W ∗. (37)

By Eqs. (35)−(37), we have

ϵ =
W−

W ′ +
W ∗

2W ′

=
W−

W ′ +
W ′ − W+ − W−

2W ′

=
1
2
− W+ − W−

2W ′ (38)

Since f(x, y) = 1, we have by Eq. (30)

W+ − W− ≥ 1. (39)

By Eqs. (38) and (39), we thus verified Eq. (34). ⊓⊔

Proof of Claim 1 Let S be an arbitrary set in F such that

S ̸= S∗. (40)

Thus, for every index i ∈ S,

gS
i (x) = 1. (41)

For each index j, 1 ≤ j ≤ d, we define Sj as a set of indices i such that the gate
gi is in the level j of C, that is,

Sj = {i ∈ S | lev(gi) = j}

Similarly, we define
S∗

j = {i ∈ S∗ | lev(gi) = j}.
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By Eq. (40), there exists an index h such that, for every index j, 1 ≤ j ≤ h−1,

Sj = S∗
j (42)

and
Sh ̸= S∗

h.

Let i be an arbitrary index in Sh. Then,

gS
i (x) = sign

 n∑
j=1

wi,jxj +
∑
j∈S

wi,gj − ti


= sign

 n∑
j=1

wi,jxj +
∑

j∈S1∪S2∪···∪Sh−1

wi,gj − ti

 . (43)

By Eq. (42) and (43), we have

gS
i (x) = sign

 n∑
j=1

wi,jxj +
∑
j∈S∗

wi,gj − ti


= sign

 n∑
j=1

wi,jxj +
i−1∑
j=1

wi,gj gj(x) − ti

 = gi(x)

Hence, by Eqs. (41) and (44) we have gi(x) = 1, and thus i ∈ S∗
h. Consequently,

we have

Sh ⊂ S∗
h. (44)

Eq. (42) implies that for every index j, 1 ≤ j ≤ h − 1,

|Sj | = |S∗
j |, (45)

and Eq. (44) implies that

|Sh| ≤ |S∗
h| − 1. (46)

Let v = (v1, v2, . . . , ve) be the weight vector for S, let v∗ = (v∗
1 , v∗2 , . . . , v∗

e) be
the weight vector for S∗, and let α = |S1|+ |S2|+ · · ·+ |Sh|. Then Eqs. (45) and
(46) imply that, for every index j, 1 ≤ j ≤ α,

vj = v∗j ,

and
vα+1 < v∗

α+1.

Thus, v∗ is lexicographically larger than v, and hence the claim follows.
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Proof of Theorem 3 Assume that f is a Boolean function of 2n variables
and there is a number γ > 0 such that

R 1
2−δ(f) = Ω(nγ + log δ) (47)

for every number δ, 0 < δ ≤ 1/2, and that f can be computed by a thresh-
old circuit C of size s, depth d, and energy e. Lemma 3 implies that f can
be represented by a threshold function with a number k of threshold circuits
C1, C2, . . . , Ck and weights w1, w2, . . . , wk satisfying Eqs. (4)−(7). Let

W =
k∑

i=1

|wi|,

and let fi be the Boolean function computed by the circuit Ci for every index i,
1 ≤ i ≤ k.

For Boolean functions that can be computed by threshold circuits, Nisan
obtains the following upper bound on the bounded-error communication com-
plexity [14].

Lemma 4 ([14]). If a Boolean function f of 2n variables can be computed by
a threshold circuit of size s, then

Rϵ(f) = O
(
s
(
log n + log

s

ϵ

))
for every number ϵ, 0 ≤ ϵ < 1/2.

Thus, by Lemma 4 and Eq. (6) we have

max
i

R 1
12W

(fi) = O((e + 1)(log n + log 12W (e + 1))) (48)

By Eqs. (7) and (48), we have

max
i

R 1
12W

(fi) = O(e(log n + (d + 1)e+1 log s)).

The following lemma is easy to verify:

Lemma 5. Assume that a Boolean function f : {0, 1}n → {0, 1} can be repre-
sented by a threshold function with a number k of Boolean functions f1, f2, . . . , fk

and weights w1, w2, . . . , wk, that is,

f(x) = sign

(
k∑

i=1

wifi(x)

)
(49)

for every input x ∈ {0, 1}n. Then

R 1
2−

1
12W

(f) ≤ max
i

R 1
12W

(fi) (50)

where

W =
k∑

i=1

|wi|. (51)
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Proof. Similarly to the proof of Lemma 2, we can prove Lemma 5 by providing a
protocol that upperbounds R 1

2−
1

12W
(f). In this proof, we use same proof scheme

and notations as the ones in the proof of Lemma 2. Note that we here consider
the bounded-error communication complexity, and thus Alice and Bob share an
public source of random bits.

The desired protocol is almost same as the one presented in the proof of
Lemma 2, and consists of the following three steps.

[Step 1] Using a public random bit string, Alice and Bob choose one of the
indices 1, 2, . . . , k + 1, so that for each index i, 1 ≤ i ≤ k + 1,

Pr[Alice choose i] =
|w′

i|
W ′

where the probability is taken over all random strings. Suppose that Alice and
Bob choose an index j, 1 ≤ j ≤ k + 1.

[Step 2] Using the best randomized protocol with error probability 1/4W ′ for
the function fj , Alice and Bob computes fj(x,y).

[Step 3] If fj(x, y) = 1, then the output b ∈ {0, 1} of our protocol is decided as
follows:

b =
{

fj(x, y) if w′
j > 0;

fj(x, y) if w′
j < 0,

where fj(x, y) is the negation of fj(x,y). If fj(x, y) = 0, then Alice and Bob
choose a Boolean value 0 or 1 with probability 1/2 as the output b by a public
random bit.

Clearly, Alice and Bob communicate R 1
4W ′

(fj) bits in the protocol, and the error
probability ϵ of the protocol is

ϵ ≤ Pr[j ∈ I−] +
1
2
· Pr[j ∈ I∗] +

1
4W ′ .

Since we prove that

Pr[j ∈ I−] +
1
2
· Pr[j ∈ I∗] ≤ 1

2
− 1

2W ′

in the proof of Lemma 2 (See Eqs. (34) and (35)), we have

ϵ ≤ 1
2
− 1

2W ′ +
1

4W ′

≤ 1
2
− 1

4W ′ . (52)

By Eqs (31) and (52), we verified the theorem. ⊓⊔

Lemma 5 implies that

R 1
2−

1
12W

(f) = O(e(log n + (d + 1)e+1 log s)). (53)

By Eq. (47) with δ = 1/12W and Eq. (53), we obtain the desired result. ⊓⊔
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