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Abstract

Let C be a threshold logic circuit computing a Boolean function MED{0,1}™ — {0, 1},
wheren > 1 andm > 2. ThenC outputs “0” if the number of “1"s in an input € {0,1}"™ to
C is a multiple ofm and, otherwise' outputs “1.” The function MODB is the so-called PARITY
function, and MOD),; is the OR function. Let be the size of the circu®’, that is,C consists of
threshold gates, and letbe the energy complexity @f, that is, at most gates inC' output “1” for
any inputz € {0,1}". In the paper, we prove that a very simple inequalifym — 1) < s¢ holds
for every circuitC computing MOD),,. The inequality implies that there is a tradeoff between the
sizes and energy complexity of a threshold circui€ computing MOD,,, and yields a lower bound
e = Q((logn — logm)/loglogn) one if s = O(polylog(n)). We actually obtain a general result
on the so-called generalized mod function, from which the result on the ordinary mod function
MOD,,, immediately follows.

1 Introduction

A circuit of threshold gates is a theoretical model of a neural circuit in the brain, and is well studied
through decades [9, 10, 12, 13]. An input-output characteristic of a biological neuron is roughly rep-
resented by a threshold gate, but the mechanism of energy consumption of a neuron is quite different
from an electrical circuit: a neural “firing” consumes substantially more energy than a “non-firing”
[7, 8], while a gate in an electrical circuit consumes almost the same amount of energy in either case of
outputting “1” and outputting “0” [1, 6]. A biological study reports that, due to the asymmetricity of the
energy consumption, the fraction of neurons firing concurrently is possibly fewer than 1% [7]. Based on
the biological fact above, the energy complextgf a threshold circuit” is defined as the maximum
number of threshold gates outputting “1” over all inputstd15]. We then confront the following
natural question from the point of computational complexity: what Boolean functions can or cannot be
computed by reasonably small threshold circuits with small energy complexity? It has been shown that
the energy complexity strongly influences the computational power of threshold circuits [15, 16]. In
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particular, if a Boolean functiorf has high communication complexity, there exists a tradeoff among
the following three complexities: size (that is, the number of gatedpthd, and energy complexity

e of threshold circuits computing [16]. However, the mod function MOR : {0,1}" — {0,1} has

low communication complexity, and hence the result in [16] does not yield any interesting tradeoff for
MOD,,,, wheren andm are positive integers, and MQRx) is O if the number of “1”s in an input

x € {0,1}" is a multiple ofm and, otherwise, MOR(x) is 1. MOD,, is the PARITY function if

m = 2, and is the OR function ifr = n + 1.

In the paper, we deal with a fairly large class of Boolean functions, called the generalized mod
function [2, 4], and show that there exists a tradeoff between thessarel energy complexity of
threshold circuits” computing the generalized mod function. The result immediately yields a very
simple tradeoff for the ordinary mod function MQP More precisely, we prove that/(m — 1) < s°,
that is,log(n/(m — 1)) < elogs, for every circuitC' computing MOD,,. Bothn andm, and hence
n/(m — 1), do not depend on the design ©f while s¢ is monotonically increasing with respect4o
ande. Therefore,s ande cannot be simultaneously small. That isgifs small, there must be large,
and ife is small, thers must be large. The tradeoff/(m — 1) < s® immediately implies a lower bound
on the sizes expressed by, m ande: (n/(m — 1))!/¢ < s. If s = O(polylog(n)), then the tradeoff
also implies a lower bound on e = Q((logn — logm)/loglogn). The lower bound o is tight up
to a constant factor.

It is well known that there exists a tradeoff between the sized depthd of a threshold circuit
computing the PARITY function. Siat al. proved thai < (s/d)?*€ for any fixede > 0 if the weights
of the threshold gates are integers and their absolute values are sufficiently small [14]. Impagliazzo
et al. proved thain/2 < s2d=1) even if the absolute values of weights are arbitrarily large [5]. Our
tradeoff betweer ande holds even if the absolute values of weights are arbitrarily large. It should be
noted that the inequality < e does not necessarily holds.

In Section 2, we define some terms on the generalized mod functions and threshold circuits. In
Section 3, we prove our main theorem for the generalized mod functions, from which the tradeoff
n/(m — 1) < s¢ for MOD,,, immediately follows. In Section 4, we conclude with some remarks.

2 Preliminaries

In this section, we first define some terms on mod functions and threshold circuits, and then present
some examples of circuits for the PARITY function.

Forxz = (1,22, - ,2,) € {0,1}", we denote byx],, the hamming weight ok modulom.
Thus

[]m = z’"‘: x; (modm).
i=1

Let M = {0,1,---,m — 1}, thenm = |M|. For a setA C M, the generalized mod function
MOD: : {0,1}" — {0, 1} is defined as follows [2, 4]:

0 if [z, € 4
1 otherwise

MODZ () = { 1)



(a) (b)
Figure 1: (a) A threshold circuit’ with n = 3 ands = 5; and (b) the O-fixed circui€, of C'.

Leta = min(|A|,|M — A]). We may assume that the generalized mod function M@®not trivial.
One may thus assume that

m
19ng )
and
2<m<n+l1. 3

If A= {0}, then MOD) is the ordinary mod function MOR, and

0 if [x]m, =0;

MODw (2) = { 1 otherwise

If m = 2andA = {0}, then MOD} is the so-called PARITY function. If» = n-+1andA = {0}, then
MOD?Z is the OR function. lin = n+1andA = {0,1,--- , [n/2]}, then MOD, is the MAJORITY
function. Thus, the class of generalized mod functions MQ®fairly large.

In the paper, d@hreshold gatés the so-called linear threshold logic gate, and can have an arbitrary

numberk of inputs. For every input = (z1, z2,--- , z;) € {0, 1}* to a threshold gate with weights
wy,we, - -, wi and a threshold, the outpuly(z) of the gatey for z is defined as follows:
. k
1o izi 2>t
9(z) = v @
0 otherwise

wherews, ws, - - - , wi andt are arbitrary real numbers.

A threshold (logic) circuitC' is a combinatorial circuit of threshold gates, and is expressed by a

directed acyclic graph as illustrated in Fig. 1. kebe the number of input variables €, thenC' has
n input nodes of in-degree 0, each of which corresponds to one of itgut variablesc, zo, - - - , .
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) Parameters s . d Notes
Designs

Smalld n+1 n+1 2 Fig. 2(a)

Smalle n+1 2 n+1 Fig. 2(b)

Moderates, ¢ andd logn logn logn Ref. [13]

Moderates, e and fairly smalld | polylog(n) polylog(n) logn/loglogn | Ref. [11]
Moderates, d and fairly smalle | polylog(n) | logn/loglogn polylog(n) Sect. 3.1
Smalle andd 2n=1 41 1 2 Truth table

Table 1: Various designs of circuits computing the PARITY function @friables.

The size s of a threshold circuiC' is the number of threshold gates h Figure 1(a) depicts a
threshold circuit withn = 3 ands = 5, while Fig. 1(b) depicts a circuit witm = 2 ands = 5.
(Impagliazzoet al. define the “size” ofC' to be the number of wires in’, and obtained a tradeoff
between the “size” and the depth [5].)

Let C' be a threshold circuit of size, let g1,90,---,gs be the gates inC, and letx =
(1,22, - ,xn) € {0,1}" be an input toC. Then the inputz; to a gateg;, 1 < i < s, either
consists of the inputs;, x2, - - - , 2, to C and the outputs of the gates other tlyaor consists of some
of them. However, we denote the ouputz;) of g; for z; by g;[x], becauser decidesy;(z;). Thus
gi[x] = gi(zi). Let g5 be one of the gates of out-degree 0, and we regard the ogfjattof ¢, as the
outputC(zx) of C. Thus,C(xz) = gs[x] for every inputz € {0,1}". The gatey, is called theoutput
gateof C.

A threshold circuitC’ computesa Boolean functiory : {0,1}"™ — {0,1} if C(x) = f(x) for every
inputz € {0,1}".

Thedepthd of a circuitC' is the number of gates in the longest path from an input node to the output
gategs.

We define the energy complexigyof a threshold circuit' as

s

max i | |-
ol 2 giz]

e =

Thus, the energy complexity is the maximum number of gates outputting “1” over all inputse
{0,1}™. Clearly0 < e < s. We may assume without loss of generality that 1.

As summarized in the Table 1, there are various designs of threshold circuits computing the PARITY
function MOD,. Figure 2 illustrates two of them, for whiegh= 4 ands = n+1 = 5. For the circuit in
Fig. 2(a)d = 2 ande = n = 4. On the other hand, for the circuit in Fig 2= n+ 1 = 5 ande = 2;
if the numberi of “1”s in an input is odd, then only the two gatgsandg, output “1”; and otherwise
only g; outputs “1.”

Throughout the paper, we denote hythe number of input variables to a threshold ciraljtby
s the size ofC, and bye the energy complexity of’. We may assume without loss of generality that
n,s,e > 1.



Figure 2: Threshold circuits computing the PARITY function of 4 variables;
(@s=5d=2,e=5and(b)s=5,d=5,e=2.

3 Size-Energy Tradeoff

In Section 3.1, we present, as Theorem 1, our main result on the size-energy tradeoff for circuits com-
puting the generalized mod function M@D The theorem immediately yields a tradeoff for circuits
computing the ordinary mod function MQRP In Section 3.2, we present four lemmas, and using them
we prove Theorem 1. In Section 3.3, we present a tradeoff better than that in Theorem b.if

3.1 Main Theorem and Corollaries

Our main result is the following theorem:

Theorem 1. Let C be a threshold circuit computing the generalized mod function MQbn vari-
ables, and lett = min{|A|, |M — Al|}. Then the size and energy complexityof C' satisfy

n+1l—a

m—a

< s (5)

The ordinary mod function MOR) is MOD;}, for the case whergl = {0} and hence: = 1. The
PARITY function is MOD,, for the casen = 2. We thus have the following corollary.

Corollary 1.
(a) If a threshold circuitC computes the ordinary mod function M@Dthen

< s (6)

m—1—"""7

(b) If a threshold circuitC computes the PARITY function, then

n < s° (7)



and hence
logn < elog s. (8)

If n, m anda are fixed, then the left sidg: + 1 — a)/(m — a) of Eq. (5) is a constant and does not
depend on the design 61. On the other hands ande depend on the design 6f, and the right side
s¢ is monotonically increasing with regardsd4@nde. Thus Eg. (5) implies that there exists a tradeoff
betweere ands. That is,e ands cannot be simultaneously smallmust be large ik is small, ance
must be large it is small.

One can know that the lower bourid + 1 — a)/(m — a) on s® in Eq. (5) cannot be improved
much, as follows. For the case where=n + 1 andA = {0}, MODf}1 is the OR function, and can be
computed by a circui€ with s = e = 1, and hence Eq. (5) holds in equality for the ciratiit Thus,

for anye > 0, the equation
1—
(I+¢) <n+a> < s¢
m—a
does not hold. For the case whene= 2 andA = {0}, MODZ is the PARITY function MOD, which

can be computed by a circuit such thats = n 4+ 1 ande = 2 as illustrated in Fig. 2(b). In this case,
the right sides® of Eq. (5) is(n + 1) for the circuitC, while the left side is:. Therefore, for any > 0,

the equation
2+4€
(n +1- a> <
m—a

does not hold if: is sufficiently large.
Equation (5) immediately implies

_ 1/e
<n +1 a> <
m—a
which is a lower bound om expressed in terms of, m, a ande. One can easily know from the bound
thats = Q(y/n) if e < 2andm = O(1).

From Theorem 1, one can immediately obtain a lower boundexpressed in terms afandm as
follows.

Corollary 2. LetC be a threshold circuit computing MQR If s = O(polylog(n)), then

logn — logm
e=Q —=—>—].
loglogn

Corollary 2 implies that ifm = o(n) then MOD,, cannot be computed by any threshold circuit
C such thats = O(polylog(n)) ande = o(logn/loglogn). Similarly to the corollary above, Sung
and Nishino [11] prove that = ©(logn/ loglogn) if a threshold circuilC with depthd computes the
PARITY function ands = O(polylog(n)). Slightly modifying a circuit given in [11], one can construct
a threshold circuit of size = O(polylog(n)) and energy = O(logn/loglogn) that computes the
PARITY function ofn variables. Thus, the lower bound erin Corollary 2 is best possible within a
constant factor for the case where= 2.



3.2 Proof of Theorem 1

In the section, we first present four lemmas and then, using them, we prove Theorem 1.

Let a threshold circui€ consist of gatess, g2, - - - , g5, and letg, be the output gate af': g;[x] =
C(z) for everyx € {0,1}". For an inputz € {0, 1}", we define gatternp(x) € {0,1}° of C for
x as

po(x) = (g1[z], g2[], - - -, gs[x]).

We often denote () simply by p(x). We denote byP(C) the set of all patterns that arisedh

P(C) = A{pc(z) |z € {0,1}"}.

The numbetP(C)| of patterns is closely related to the sizand the energy complexity One can
easily prove the following lemma, which gives an upper boun{Rg6')| in terms ofs ande.

Lemma 1. For an arbitrary threshold circuitC,
IP(C)| < s+ 1. 9)

Proof. If s = 1, then|P(C)| < 2, s¢ + 1 = 2 and hence Eq. (9) holds. We may thus assume that
s > 2. Since the energy complexity @f is e, at moste of the s gates output “1” for any input.
Therefore, we have

IN

rol < 3 () (10)

1=0

< 1+s+% s 4804t 59
< 1+s+52é‘i:)1). (11)
From Eqg. (11) and < 2(s — 1), we obtain
IP(C)| < 1+4s+s(s1—1)
< 1+ s
O

For every inpute € {0,1}", we define arextended patterg(x) € {0,1}* x M of a threshold
circuit C for x as follows:

qc(x) = (Pc (), [%]m),

whereM = {0,1,--- ,m — 1}. We often denotg(x) simply byg(z). We denote by)(C) the set
of all extended patterns that arise(h

Q(C) ={qc(z) [z € {0,1}"}. (12)
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Since|M| = m, we have
[QIC)| < [P(C)] - m. (13)

For a circuitC' computing MOD},, we can obtain an upper bound g@(C)|, which is expressed in
terms of|P(C)|, m anda, and is better than Eq. (13).

Lemma 2. LetC be a threshold circuit computing MQR and leta = | A|. Then
1QO) < (IP(C) = 1)(m —a) +a. (14)

Proof. We give a proof only for the case wheté| < |M — A| and hence = |A|, because the proof
for the other case whetel| > |M — A|is similar.
The setP(C) can be partitioned into the following two subs&gC') andPy(C):

P1(C) ={p(z) |z € {0,1}",C(z) = 1}
and
Po(C) = {p(z) | © € {0,1}",C(z) = 0}.

Sincey; is the output gate of’, we haveg;[z] = 1if C(x) = 1, andgs[z] = 0if C(x) = 0. Thus
P1(C) N Py(C) = 0. Similarly, the se)(C) can be partitioned into the following two subséls(C')
andQo(C):

Q1(C) = {g(=) |z € {0,1}",C(x) = 1}

and
Qo(C) ={q(z) | € {0,1}", C(x) = 0}.
Clearly
P(O)] = IPL(C)| + [Po(O) (15)
and
1Q(O)] = |Q1(C)] + |Qo(C)]. (16)

If C(x) = MOD? (x) = 1, then[z],, € M — A by Eq. (1). We thus have
Q1(C)] < [PL(O)] - (m —a). 17
On the other hand, if’(x) = 0 then[z],,, € A. We thus have
|Qo(C)] < [Po(C)] - a (18)
Substituting Egs. (17) and (18) to Eqg. (16), we have

QIO < [PL(CO)] - (m — a) + [Po(C)] - a. (19)
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Equations (15) and (19) imply that

QA < (IPC) = [Po(C)]) - (m — a) + [Po(C)] - a
[P(C)] - (m = a) = [Po(C)[ - (m — 2a). (20)

By Eg. (2) we haven — 2a > 0. Therefore, the right side of Eq. (20) is non-increasing with respect to
|Po(C)|. Sincea > 1 by Eq. (2), we haved # (. SinceA C M = {0,1,--- ,m—1}andm —1<n
by Eg. (3), there is an input € {0,1}" such thafx],, € A and hence’(z) = MOD_.(x) = 0. Thus
p(x) € Pyp(C) and hencéPy(C)| > 1. Thus, the right side of Eq. (20) takes the maximum value when
|Po(C)| = 1. Thus Eq. (14) holds. O

For a threshold circui€’ with n(> 2) inputs, we denote bg, a circuit obtained fron' by fixing
the n-th variablex,, of inputx = (21,29, -- ,z,) to the constant 0. As illustrated in Fig. 1, one can
obtainCy from C' by deleting then-th input node forz,, and all the wires linked from the node. We
call Cy the0-fixedcircuit of C'. The 0-fixed circuitCy hasn — 1 inputs, but the size of, is the same
as that ofC.

Let Xy C {0,1}" be a set such that

Xo = {(1:1,%2, s ,:En) S {0, 1}” ’ Ty = 0}

For every inpute’ = (21,72, ,2,_1) € {0,1}" 1 t0 Cy, letx = (z1, 22, -- ,2,_1,0) € Xo, then
clearly [x'],, = [z],, andp, () = pc (). We thus have

P(Co) = {pg,(a) | €{0,1}"7"}
{po(z) |z € Xo} C P(C) (21)

and
Q(Co) = {(pc, (@), [@']m) | &' € {0,1}"""}
= {(pc(@), [x]n) | € Xo} € QO). (22)

If a threshold circuiC' computes the function MO of » variables, then clearly the 0-fixed circuit
Cp computes the function MO of n — 1 variables. We now have the following key lemma@C)
andQ(Cy).

Lemma 3. If a threshold circuitC’ computes the function MGPof n(> 1) variables, then
[Q(Co)l +1 < [Q(C)] (23)
where|Q(Cy)| is assumed to be 1if = 1.

Equation (23) is very simple, but the proof is not simple and fairly sophisticated. The proof is
omitted in the extended abstract due to the page limitation, but is described in the appendix.
From Lemma 3 one can easily prove the following lower boundtp(c)|.



Lemma 4. If a threshold circuitC' computes the function MGQPof n(> 1) variables, then
n+1<1Q(0)]. (24)

Proof. By Eq. (3) we have: > m — 1, and hence we prove by induction erthat Eq. (24) holds for
every integern such that, > m — 1.

For the inductive base, we assume that m — 1. Clearly, for every integer € M, there exists
aninputx € {0, 1}" such thafz],,, = i. Thus|Q(C)| > |M| = m = n+ 1, and hence Eq. (24) holds.

For the inductive hypothesis, we assume that m(> 2) and that Eq. (24) holds for every thresh-
old circuit computing the function MOf) of (n — 1) variables. Let be a threshold circuit computing
MODZ of n variables. Since the 0-fixed circuify of C computes the function MO of n — 1
variables, the induction hypothesis implies that

IQ(Co)| > (n—1)+1=n. (25)
Equations (23) and (25) yields
[Q(O)| = [Q(Co)| +1=n+ 1.
t

There exists a threshold circuit computing the function MO} of n variables such tha®(C') =
n + 1, as illustrated in Fig. 2(a) fom = 2 and A = {0}. Therefore, the lower bound d®(C)| in
Eg. (24) is best possible.

Using Lemmas 1, 2 and 4, one can easily prove Theorem 1, as follows.

Proof of Theorem 1. Equations (14) and (24) imply that
n+1<(|P(C)|—1)(m—a)+a. (26)
Equations (9) and (26) imply that
n+1l—a

m—a

<|P(C)] -1< s (27)

3.3 Theorem 2

In the section, we present a tradeoff which is better than that in TheoremX .
Applying a counting argument ([3, p.102, p.122]) and the Stirling’s formula to Eq (10), one can
easily prove the following upper bound d®(C)|, which is better than the bound in Eq. (9kif> 5:

1 ‘ 2Cnpr - 8 ¢
PIO) < o (2 (28)

wherec,,,, = 2.718 is the Napier’s (or mathematical) constant. Similarly to the proof of Theorem 1,
we can prove the following theorem from Egs. (26) and (28):
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Theorem 2. LetC be a threshold circuit computing the function M@)f » variables. Then the size
s and energy complexityof C satisfy

n+1l—a 1 2npr - S\ €
—+1< . P ) . 29
m—a - V2me < e (29)

4 Conclusions

The class of generalized mod functions M()is fairly large; it includes the ordinary mod function
MOD,,, the PARITY function, the OR function, the MAJORITY functiogic In the paper, we show

that there exists a very simple tradeoff
n+1l—a <

m—a

between the sizeand the energy complexityof a threshold circuit computing MO, wheren is the
number of input variable®, < m < n+1, anda = min{|A|,|M — A|}. Thus,n/(m —1) < s° for the
ordinary mod function MOR,, for whicha = 1. The inequality immediately implies lower bounds on
sande: (n/(m —1))¢ < s; ande = Q((logn — logm)/loglogn) if s = O(polylog(n)). The lower
bound ore is tight up to a constant factor. The main idea of the proof of our result is to show that the
number of patterns of a circuit is at mast+ 1 and the number of extended patterns is at least1.
The key Lemma 3 is very simple, but the proof is sophisticated and is interesting in its own right.

In the paper we have so far considered circuits of threshold logic gates, but our result can be ex-
tended to a more general class of circuits, as follows. A fungfiof0, 1} — {0, 1} is called aunate
(or also called generalized monotopéunctionif

9(21, et 7Z’i—laoazi+17 o 7Zn) S g(Zlu L, Ri—1, 1vzi+l) e ,Zn)
or
g(zl7 Tty Ri—1, 17 Zi+1," 7Z7L) S 9(217 Tty Zi—1, 07 Zi+1, " 7zn)
holds for eachi-th input variablez; and all the other variables,, - -- | z;_1, zi41, -+ , 2, € {0,1}.

Clearly the functions for a threshold gate, OR gate, AND getie,are unate functions. (See Eqg. (4).)
Consider a circuitC consisting of logic gates computing unate functions, let the siaé C' be the
number of gates if', and let the energy complexigyof C' be the maximum number of gates outputting

“1” over all inputs. Then one can easily observe that our proof scheme for threshold circuits can be
applied to the class of circuits consisting of logic gates computing unate functions and yields the same
tradeoffs as in Theorem 1 and Theorem 2.
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Appendix: Proof of Lemma 3

In the appendix, we prove Lemma 3, that is, we verify Eq. (23). Supposeithatl andx =
(z1) € {0,1}. Sincen = 1, |Q(Cy)| is assumed to be 1, and = 2 by Eq. (3). Thereforéz],, = 0
if 1 =0, and[x],, = 1if z; = 1. Thus2 < |Q(C)|, and hence Eq. (23) holds. We may thus assume
thatn > 2.

Suppose that a threshold circdit computes the function MO of n(> 2) variables, and that

C consists ofs threshold gategi, g2, - - ,g9s. One may assume that, g2, - - , gs are topologically
ordered with respect to the underlying directed acyclic grapf[8], and thatg, is the output gate of
C. Thus, for eachi, 1 < i < s, the inputz; of a gatey; either consists of the inputs, z3, - - , 2, t0
C and the outputs afi, g2, - - , gi—1 Or consists of some of them.
Assume for a contradiction that Eq. (23) does not hold, that is,

1Q(Co)| = [Q(C)]. (30)

By Eq. (22)Q(Cy) € Q(C). Therefore, Eq. (30) implies that
Q(Co) = Q(C). (31)

Let X, be a subset of0, 1}" such that
Xl = {($17x27 e 7mn) S {07 1}” | Tp = 1}

Let )1 be a subset of)(C') such that

Q1 = {(p(z), [@]m) | © € X1}. (32)
Since@; C Q(C), we have from Eq. (31)
Q1 € Q(Cy). (33)

In the rest of the section, we derive a contradiction from Eg. (33).
Leth = |P(C)|. To derive a contradiction, we construct the following sequencef 1 inputs
toC:

o — Yo = XL =Yy = Thol — Ypo1 — Thy (34)
where, for every indey,
T; € X1 andyj € Xp. (35)

We arbitrarily choosery from the setX;, and choosey,, x1, - - , z; by the following Procedures 1
and 2.

Procedure 1:z; — y;
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For eachyj, 0 < j < h — 1, we obtainy; from x; as follows. Equation (35) implies that; € X3,
and hence Egs. (32) and (33) imgly(x;), [z;]m) € Q1 € Q(Cy). Therefore, by Eq. (22), there exist
one or more inputy € X, such that

(p(;), [25]m) = (P(Y), [Ylm) € Q(Co)- (36)
We choosegy; as in the following claim.

Claim 1. There existy; € X, such that

p(z;) = p(y;), (37)
(P(y;), [y;lm) € Q(Co), (38)
and
(p(y;),y;5) & Q(Co) (39)
where
y; = [y;lm + 1 (modm). (40)

Proof. Let B (C M) be the set of all integers € M such that there existg € X satisfying
p(xz;) = p(y) and[y], = i, and hence(y, i) = (p(y), [ylm) € Q(Co). Then by Eq. (36) we have
[z;],m € B and henceB # (.

We now prove that

if [}, € AthenB C A. (41)

Suppose thaiz;],, € A, and leti be an arbitrary integer itB. Since[z;],, € A, by Eq. (1)
MODZ (z;) = gs(x;) = 0. Sincei € B, there existy € X, satisfyingp(x;) = p(y) and[yl,, = i.
Sincep(x;) = p(y), gs(x;) = gs(y). Therefore, MOB},(y) = g(y) = gs(x;) = MOD;,(z;) = 0,
and hence by Eq. (%)= [y]m € A. ThusB C A.

Similarly as above, one can prove that

if [x;]m € AthenB C M — A. (42)

We then prove thaB # M. Suppose for a contradiction th&t = M. If MODﬁ(a:j) = 0, then
[x;]m € A and hence by Eq. (41l = B = M. If MODZ (z;) = 1, then by Eq. (1Jz,],, ¢ A and
hence by Eq. (421 = (). Either case contradicts Eq. (2).

We are now ready to complete the proof of Claim 1. We give a proof only for the caseM®D =
0, because the proof for the other case where M@B;) = 1 is similar. Since MOB},(z;) = 0, we
have[z;],, € A and henceB C A by Eq. (41). SinceB # () andB # M, there is an integer € B
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such that(i + 1 modm) ¢ B. Sincei € B, there existy; € X satisfyingp(x;) = p(y;) and
[y;lm = i. Thus(p(y;), [y,lm) € Q(Co). Since(i + 1 modm) ¢ B, we have

/

y; = [Ylm +1(modm)

= i+ 1 (modm)

¢ B,
and henceip(y;),y;) ¢ Q(Co). O
Procedure 2:y; — ;1

For eachj, 0 < j < h — 1, we obtainz;, € X; fromy; € X, simply by flipping then-th input
of y; € Xo. Thus, if

yj:(yl)y27"' 7yn—150)7 (43)

then

wj+1 — (yla Y2, yYn—1, 1) (44)

Repeating the two procedures abdvémes, we construct the sequence (34) frem For every
indexj, Eq. (35) clearly holds. In addition, Egs. (43) and (44) imply that

[@j+1]m = [y;]m + 1 (Modm) = y. (45)
The sequence (34) @h + 1 inputs corresponds to the following sequence of patterns:

p(xo) = p(Yo) =~ p(x1) = P(Y1) — - —=P(@h-1) > P(Yp_1) —~ P(Th). (46)

We now prove the following Claim 2 on the sequence (46).

Claim 2. For everyindex,0 < j <h —1,

p(y;) # p(xji1). (47)
Proof. Equations (33) and (39) imply
(p(y;),y;) € Q1. (48)
On the other hand, Egs. (32) and (45) imply
(P(®j11), [®j11]m) = (P(Tj41),Y;) € Q1. (49)
By Eqgs. (48) and (49), we haygy;) # p(x;j+1). O
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By Egs. (37) and (47)p(x;) = p(y;) andp(y;) # p(x;+1). We rewrite the sequence (46) as
follows:

p(zo)=p(yo) = p(x1) = P(Y1) — - = p(®r-1)=P(Yp_1) = P(Th). (50)

Then the patterns on the two sides of each arrew ‘are same, and the patterns on the two sides of

each arrow “” are different.
The sequence (50) contaihst 1 patternsp(xo), p(z1),-- -, p(xy), buth = |P(C)|. Therefore,
there is a pair of indicesandr, 0 <[ < r < h, such that

p(x;) = p(z;). (51)
We now consider the following subsequence of the sequence (50)
p(x)=p(y) = p(@i41) = PYi1) = —p(@r1) =Py, 1) = p(x)), (52)
and find a sequence of gates
Givs Girsr> " s Jir1s (53)

as follows. Equation (47) implies that, for eaghl < j < r—1, there are one or more gates that output
b € {0,1} for y,; and output the complemebf b for z;. Letg;, be the gate with the smallest index
among all these gates. Thus, for every indek< j <r — 1,

9i;1Y;] # gi;[xj+1] (54)

and for every index, 1 < k <i; — 1,
9klY;] = grlzjt1]. (55)
Leti, [ < t < r — 1, be the smallest index amorigi;.1,--- ,i-—1. Then for all indicesj,

I<j<r—1,andk, 1 <k <i;—1,we have

9k[z5] = grly;] = grlxj1]. (56)

Thus the outputs of the gates, g2, - - - , g;,—1 do not change in the sequence (52) .
If

Giy [:Bl] 7é iy [xTL (57)

then Eq. (57) contradicts Eq. (51). Thus it suffices to prove Eq. (57).
We now prove the following claim.

Claim 3. Then-th input nodez,, of C'is directly connected to the gatg,, and the weightv,, is not
zero.

16



Proof. Sincel <t <r — 1, by Eq. (54) we have

9i. [Ye] 7 93, [Tes1]. (58)

Since the gateg;, g2, - - , gs are topologically ordered, the output g¢f depends only on the out-
puts ofgi, g2, -+ ,gi;,—1 and the inputsey, zo,--- , 2, to C. By Eq. (56), the outputs of the gates
91,92, -, gi,—1 for the inputy, are same as those for the inptjt, ;. Furthermore, Egs. (43) and (44)
imply thatx, ; is different fromy, only at then-th inputx,,. Thus, Eq. (58) implies that the input node
xy, 1S directly connected to the gagg, and the weightv,, is not zero. (See Eq. (4).) O

Claim 3 implies that the weight,, is eitherw,, > 0 or w, < 0. We consider the following two
cases in order to verify Eq. (57).

Casel: w, > 0.

The input to the gatey;, either consists of the outputs @fi, g2, - ,¢9;,—1 and the inputs
x1,%2,- - , X, OF consists of some of them. Equation (56) implies that the outpuis, 9, - - - , gi,—1
do not change in the sequence (52). Furthermore, Egs. (43) and (44) imply that, forjevery
I <j <r—1,x;, is different fromy; only at then-th input. Consequently, the sum of products of

inputs and weights of the gage increases by exactly,, > 0 at each arrow*-" in the sequence (52).
(See Eq. (4).) Thus, forevery! < j <r — 1, we have

9i:[Y;] < gi,[xj11]- (59)
Equationgp(x;) = p(y;), (58), and (59) imply that
0= gi[x] = 9i, [ys] # gi[@e11] = 1, (60)
and
gicl®j] =0 (61)
foreveryj,l < j<t—1,and
i lz;] =1 (62)

foreveryj, t+2 <j<r.
Equations (60)-(62) imply that

0= gi, [ml] a 9iy [mT} =1,
and hence Eq. (57) holds.

Case2: w, < 0.
Similarly to Case 1, for every indek [ < j < r — 1, we have

9i[y;] > gi[2j11] (63)
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sincew,, < 0. Equationgp(z;) = p(y,), (58) and (63) imply that

1 = gi,[ze] = gi[y4] # i [xe1] =0, (64)
and
gi[zj] =1 (65)
for every indexj, I < j <t—1,and
gi [zl =0 (66)
for every indexj, t + 2 < j < r. Equations (64} (66) imply that

1 =g [wl] 7é Giy [mr} =0,

and hence Eq. (57) holds.
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