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A unate gate is a logical gate computing a unate Boolean function. Examples of unate gates are AND-
gates, OR-gates, NOT-gates, threshold gates,etc. A unate circuitC is a combinatorial logic circuit
consisting of unate gates. Letf be a symmetric Boolean function ofn variables, whose value depends
only on the number of ones in the input. Letm0 andm1 be the maximum number of consecutive
0’s and consecutive 1’s in the value vector off , respectively, and letl = min{m0,m1} andm =
max{m0,m1}. Let C be a unate circuit computingf . Let s be the size of the circuitC, that is,C
consists ofs unate gates. Lete be the energy ofC, that is, at moste gates inC output “1” for any input.
In the paper, we show that there is a tradeoff between the sizes and energye of C. More precisely, we
show that(n+1− l)/m ≤ se. We also present lower bounds on the sizes of C represented in terms of
n, l andm. Our tradeoff immediately implies thatlog n ≤ e log s for every unate circuitC computing
the Parity function ofn variables.

1 Introduction

A circuit of threshold gates is a theoretical model of a neural circuit in the brain, and is well studied
through decades [9, 10, 12, 13]. An input-output characteristic of a biological neuron is roughly rep-
resented by a threshold gate, but the mechanism of energy consumption of a neuron is quite different
from an electrical circuit: a neural “firing” consumes substantially more energy than a “non-firing”
[7, 8], while a gate in an electrical circuit consumes almost the same amount of energy in either case
of outputting “1” and outputting “0” [1, 6]. A biological study reports that, due to the asymmetricity
of the energy consumption, the fraction of neurons firing concurrently is possibly fewer than 1% [7].
Based on the biological fact above, the energye of a threshold circuitC is defined as the maximum
number of threshold gates outputting “1” over all inputs toC [15]. We then confront the following
natural question from the point of computational complexity: what Boolean functions can or cannot be
computed by reasonably small threshold circuits with small energy? It has been shown that the energy
strongly influences the computational power of threshold circuits [15, 17]. In particular, if a Boolean
functionf has high communication complexity, then there exists a tradeoff among the following three
complexities: sizes, depthd, and energye of threshold circuits computingf [17]. However, iff has
low communication complexity as the case of the Parity function, then the result in [17] does not yield
any interesting tradeoff.

In the paper, we deal with a large class of combinatorial logic circuits, called unate circuits, and a
class of Boolean functions, called symmetric functions, and show that there is a tradeoff between the
size and energy of unate circuits computing symmetric functions. A unate function is a type of Boolean
function which has monotonic properties. The formal definition will be given later in Section 2. A
logical gate computing a unate function is called aunate gate. A threshold gate, AND-gate, OR-gate,



Figure 1: Value vectorv(f) and position vector
δ(f) of a (2, 3)-functionf for n = 9.

and NOT-gate are all unate gates. Aunate cir-
cuit C is a combinatorial logic circuit consisting of
unate gates. Thus, a threshold circuit and an ordi-
nary logic circuit are unate circuits. Thesizes of a
unate circuitC is the number of gates inC. We ex-
tend the definition of the energy of a threshold cir-
cuit [15] to that of a unate circuit: theenergyof a
unate circuitC is defined to be the maximum num-
ber of gates outputting “1” over all inputs toC. A
symmetric functionis a Boolean function whose
value does not depend on the permutation of its
input bits, i.e., it depends only on the number of
ones in the input. Thus, the Parity function, MOD
function, Majority function,etc. are all symmetric
functions. A symmetric functionf of n variables
can be represented by an(n+1)-vector, called the
value vectorv(f), whosei-th entry,0 ≤ i ≤ n,
is the value (0 or 1) of the functionf on an in-
put with i ones, as illustrated in Fig. 1. Letm0

andm1 be the maximum number of consecutive
0’s and consecutive 1’s inv(f), respectively, and
let l = min{m0,m1} andm = max{m0,m1}.
We show that a very simple inequality

n + 1 − l

m
≤ se

holds for every unate circuitC computing a sym-
metric functionf . The equation implies that there
is a tradeoff between the sizes and energye of C.
If f is the Parity function, thenl = m = 1 and
hencen ≤ se, that is,log n ≤ e log s. We also ob-
tain a lower bound on the sizes of unate circuits
computing a symmetric functionf :

log2 (n + 1 + m − l) − log2 m ≤ s.

An early version of the paper was presented at a
conference [18].

The rest of the paper is organized as follows. In
Section 2, we define some terms on unate circuits
and symmetric functions. In Section 3, we present

some lemmas, theorems and corollaries on unate
circuits computing symmetric functions.

2 Preliminaries

In this section, we define some terms on unate cir-
cuits and symmetric functions.

2.1 Unate circuits

A Boolean functiong(z1, z2, · · · , zk) : {0, 1}k →
{0, 1} is positive unate in variablezi, 1 ≤ i ≤ k,
if

g(z1, · · · , zi−1, 0, zi+1, · · · , zk) ≤
g(z1, · · · , zi−1, 1, zi+1, · · · , zk)

(1)

for all z1, · · · , zi−1, zi+1, · · · , zk ∈ {0, 1}, and is
negative unate inzi if

g(z1, · · · , zi−1, 0, zi+1, · · · , zk) ≥
g(z1, · · · , zi−1, 1, zi+1, · · · , zk)

(2)

for all z1, · · · , zi−1, zi+1, · · · , zk ∈ {0, 1}. A
function g is unateif, for every i, 1 ≤ i ≤ k, g
is positive or negative unate in the variablezi. A
unate function is often called ageneralized mono-
tone function. A logical gate computing a unate
function is called aunate gate. Examples of
unate gates are OR gates, AND gates, NOT gates,
threshold gates,etc. In fact, there are very pow-
erful unate gates; the gate examining a “heredi-
tary property” of a graph is unate, and hence the
gate examining a Hamilton cycle in a graph and the
gate examining the planarity of a graph are unate
where the input to the gate is the adjacency matrix
of a graph. On the other hand, the Parity function,
MOD function,etc.are not unate in general.

A unate circuitC is a combinatorial circuit con-
sisting of unate gates, and is represented by a di-
rected acyclic graph as illustrated in Fig. 2(a). Let
n be the number of input variables toC, and let
x1, x2, · · · , xn be then input variables. A node
of in-degree 0 inC corresponds to an input vari-
ablexi, 1 ≤ i ≤ n, or a constant value 0, while a
node of in-degree one or more inC corresponds to
a unate gate. Note that a unate circuitC may not
contain any node of in-degree 0 corresponding to
a constant value 0.

The sizes of a unate circuitC is the number
of unate gates inC. Figure 2(a) depicts a unate



Figure 2: (a) A unate circuitC with n = 3 and
s = 5; and (b) the 0-fixed circuitC0 of C.

circuit with n = 3 ands = 5, while Fig. 2(b) does
a circuit withn = 2 ands = 5.

Let C be a unate circuit of sizes, let
g1, g2, · · · , gs be the gates inC, and let x =
(x1, x2, · · · , xn) ∈ {0, 1}n be an input toC. Then
the inputzi to a gategi, 1 ≤ i ≤ s, either con-
sists of the inputsx1, x2, · · · , xn toC, the constant
value 0 and the outputs of the gates other thangi

or consists of some of them. However, we denote
the outputgi(zi) of gi for zi by gi[x], becausex
decidesgi(zi). Thusgi[x] = gi(zi). Let gs be
one of the gates of out-degree 0, and we regard the
outputgs[x] of the gategs as theoutputC(x) of
the circuitC. Thus,C(x) = gs[x] for every input
x ∈ {0, 1}n. The gategs is called theoutput gate
of C.

A unate circuitC computesa Boolean function
f : {0, 1}n → {0, 1} if C(x) = f(x) for every
inputx ∈ {0, 1}n.

Thedepthd of a circuitC is the number of gates
in the longest path from a node of in-degree 0 to
the output gategs, and corresponds to the paral-
lel computation time. The circuits in Fig. 2 have
depth 3.

We define theenergye of a unate circuitC as

e = max
x∈{0,1}n

s∑
i=1

gi[x].

Thus, the energye is the maximum number of
gates outputting “1” over all inputsx ∈ {0, 1}n.
Clearly0 ≤ e ≤ s.

Throughout the paper, we denote byn the num-
ber of input variables to a circuitC, by s the size
of C, and bye the energy ofC. We may assume
without loss of generality thatn, s, e ≥ 1.

2.2 Symmetric Functions

For x = (x1, x2, · · · , xn) ∈ {0, 1}n, we denote
by |x| the Hamming weight ofx, that is, |x| =∑n

i=1 xi. A Boolean functionf : {0, 1}n →
{0, 1} is symmetricif f(x) depends only on the
value |x|. Thus, a symmetric functionf can
be represented by an(n + 1)-vector v(f) =
(v(0), v(1), · · · , v(n)), called thevalue vector of
f , such thatv(i), 0 ≤ i ≤ n, is the value (0 or
1) of the functionf on an input withi ones [19].
Let m0 andm1 be the maximum number of con-
secutive “0”s and consecutive “1”s inv(f), re-
spectively, and letl = min{m0,m1} and m =
max{m0,m1}. Thenf is often called an(l,m)-
function. Figure 1 illustrates the value vectorv(f)
of a (2, 3)-function for n = 9. The Parity func-
tion is a(1, 1)-function. The MODk function is a
(1, k − 1)-function, where MODk(x) = 1 if |x|
is a multiple ofk and, otherwise, MODk(x) = 0.
The Majority function is a(⌊(n + 1)/2⌋, ⌈(n +
1)/2⌉)-function. Both the OR function and the
AND function are (1, n)-functions. The NOT
function is a(1, 1)-function.

We may assume throughout the paper that a
functionf is not trivial and hencef(x) = 1 and
f(y) = 0 for some inputsx andy.

3 Size-Energy Tradeoffs

In Section 3.1 we present two theorems and five
corollaries; Theorem 1 is our main result on the
size-energy tradeoff for unate circuitsC comput-
ing symmetric functions, while Theorem 2 gives a
lower bound on the sizes of C. In Section 3.2,
we present four lemmas, and using them we prove
Theorem 1 and Theorem 2. In Section 3.3, as
Theorem 3 we present another size-energy trade-
off which is better than that in Theorem 1 ife ≥ 5.

3.1 Theorems and Corollaries

Our main theorem is the following, whose proof
will be given in Section 3.2.

Theorem 1. Let C be a unate circuit computing
an (l,m)-functionf of n variables. Then the size
s and energye of C satisfy

n + 1 − l

m
≤ se. (3)



For a symmetric functionf , the three parame-
tersn, l andm are fixed, and hence the left side
(n + 1 − l)/m of Eq. (3) is a constant and does
not depend on the design ofC computingf . On
the other hand,s ande depend on the design of
C, and the right sidese is monotonically increas-
ing with regards tos ande. Thus Eq. (3) implies
that there exists a tradeoff betweene ands; e and
s cannot be simultaneously small.

A threshold or ordinary logic circuit is a unate
circuit. The Parity function is a(1, 1)-function,
and the MODk function is a(1, k − 1)-function.
We thus have the following corollary.

Corollary 1.
(a) If a threshold or ordinary logic circuitC com-
putes an(l,m)-function, then(n+1− l)/m ≤ se.
(b) If a unate circuitC computes the Parity func-
tion, thenn ≤ se and hencelog n ≤ e log s.
(c) If a unate circuitC computes the MODk func-
tion, thenn/(k − 1) ≤ se.

For an integerk ≥ 2 and a setA ⊆
{0, 1. · · · , k − 1}, the generalized mod function
MODA

k : {0, 1}n → {0, 1} is defined as fol-
lows [2, 4]:

MODA
k (x) =

{
0 if ( |x| modk) ∈ A;
1 otherwise.

MODA
k is a symmetric function, and the value

vector is periodic with periodk. Let K =
{0, 1, · · · , k−1} anda = min{|A|, |K−A|}, then
one can easily observe thatl ≤ a andm ≤ k − a.
Therefore, we have the following corollary from
Theorem 1.

Corollary 2. Let C be a unate circuit computing
the generalized mod function MODA

k of n vari-
ables. Then

n + 1 − a

k − a
≤ se.

One can know that the lower bound(n + 1 −
l)/m onse in Eq. (3) cannot be improved much, as
follows. The OR function is a(1, n)-function, and
can be computed by a unate circuitC consisting
of a single OR gate, and hences = e = 1 for the
circuit C. Hence Eq. (3) holds in equality forC
sincel = 1 andm = n. Thus, for anyϵ > 0, the
equation

(1 + ϵ)
(

n + 1 − l

m

)
≤ se

does not hold. On the other hand, the Parity func-
tion can be computed by a threshold circuit (and
hence a unate circuit)C such thats = n + 1 and
e = 2 [18]. In this case, the right sidese of Eq. (3)
is (n+1)2, while the left side isn sincel = m = 1.
Therefore, for anyϵ > 0, the equation(

n + 1 − l

m

)2+ϵ

≤ se

does not hold ifn is sufficiently large.
Equation (3) immediately implies(

n + 1 − l

m

)1/e

≤ s,

which is a lower bound ons expressed in terms of
n, l,m ande. The bound implies thats = Ω(

√
n)

if e ≤ 2 andm = O(1). Note thatm = k − 1 for
the MODk function.

One can immediately obtain a lower bound one
from Theorem 1:

Corollary 3. If a unate circuit C of sizes =
O(polylog(n)) computes an(l,m)-function f ,
then the energye of C is

e = Ω
(

log(n + 1 − l) − log m

log log n

)
.

Corollary 3 implies that ifm = o(n) thenf can-
not be computed by any unate circuitC such that
s = O(polylog(n)) ande = o(log n/ log log n).
Sincel = m = 1 for the Parity function, we have
the following corollary:

Corollary 4. If a unate circuit C of sizes =
O(polylog(n)) computes the Parity function, then
the energye of C is e = Ω(log n/ log log n).

Sung and Nishino [11] proved that if a thresh-
old circuit C of size s = O(polylog(n)) com-
putes the Parity function then the depthd of C
is d = Θ(log n/ log log n). Slightly modify-
ing the threshold circuit given in [11], one can
construct a threshold (and hence unate) circuit
of size s = O(polylog(n)) and energye =
O(log n/ log log n) computing the Parity function.
Thus, the lower bound one in Corollary 4 is best
possible up to a constant factor.

It is well known that there exists a tradeoff be-
tween the sizes and depthd of a threshold circuit



computing the Parity function. Siuet al. proved
that n ≤ (s/d)d+ϵ for any fixed ϵ > 0 if the
weights of the threshold gates are integers and
their absolute values are sufficiently small [14].
Impagliazzoet al. proved thatn/2 ≤ s2(d−1)

even if the absolute values of weights are arbitrar-
ily large [5]. Our tradeoff betweens ande holds
for arbitrary unate circuits. It should be noted that
the inequalityd ≤ e does not necessarily holds
for unate circuits, and that if a Boolean function
f can be computed by a polynomial-size unate
circuit C of energye then the functionf can be
computed by a polynomial-size unate circuitC ′ of
depthd′ ≤ 2e + 1 [16].

We also have the following energy-independent
lower bound on the sizes. The proof will be given
in Section 3.2.

Theorem 2. Let C be a unate circuit computing
an (l,m)-function ofn variables. Then the sizes
of C satisfies

log2 (n + 1 + m − l) − log2 m ≤ s. (4)

Wegener showed thatlog(n + 1) − log m ≤ s
for every threshold circuit computing an(l,m)-
function [20]. This result immediately follows
from Theorem 2, becausel ≤ m and a threshold
circuit is a unate circuit.

Theorem 2 immediately implies the following
corollary:

Corollary 5.
(a) If a unate circuit C computes the Parity
function, thenlog2(n + 1) ≤ s.

(b) If a unate circuitC computes the MODk func-
tion, thenlog2(n + k − 1) − log2(k − 1) ≤ s.

Impagliazzoet al. obtain a tradeoff between the
size and the depth of unate circuits computing the
Parity function [5]. Lemma 3.2 in [5] immediately
yields a lower boundlog2 n on the size of unate
circuits computing the Parity function. The Par-
ity function can be computed by a threshold (and
hence uante) circuit with⌈log(n + 1)⌉ gates [20].
Therefore, the lower bound in Corollary 5(a) is
best possible. Theorem 2 gives a lower bound not
only for the Parity function but for all the symmet-
ric functions.

3.2 Proof of Theorem 1 and Theorem 2

In the section, we first present four lemmas and
then, using them, we prove Theorem 1 and Theo-
rem 2.

Let s be the size of a unate circuitC, let
g1, g2, · · · , gs be the gates inC, and letgs be the
output gate ofC. Then gs[x] = C(x) for ev-
ery x ∈ {0, 1}n. For an inputx ∈ {0, 1}n,
we define apattern pC(x) ∈ {0, 1}s of C for
x aspC(x) = (g1[x], g2[x], · · · , gs[x]). We of-
ten denotepC(x) simply by p(x). We denote
by P(C) the set of all patterns that arise inC:
P(C) = {pC(x) | x ∈ {0, 1}n}. Then the num-
ber |P(C)| of patterns is closely related to the size
s and the energy complexitye, as follows.

Lemma 1. For an arbitrary unate circuit C,
|P(C)| ≤ se + 1.

Proof. If s = 1, then|P(C)| ≤ 2, se + 1 = 2
and hence Lemma 1 holds. We may thus assume
thats ≥ 2. SinceC has energye, at moste of the
s gates output “1” for any inputx. Therefore, we
have

|P(C)| ≤
e∑

i=0

(
s

i

)
(5)

≤ 1 + s +
1
2

(
s2 + s3 + · · · + se

)
≤ 1 + s +

s2(se−1 − 1)
2(s − 1)

. (6)

Substitutings ≤ 2(s − 1) to Eq. (6), we have

|P(C)| ≤ 1 + s + s(se−1 − 1) = 1 + se.

Let f be a symmetric Boolean function, and let
v(f) = (v(0), v(1), · · · , v(n)) be the value vec-
tor of f . The vectorv(f) can be partitioned into
several subvectors, each consisting of a maximal
set of consecutive 1’s or consecutive 0’s, as il-
lustrated in Fig. 1. For an inputx ∈ {0, 1}n,
let v(f,x) be the subvector ofv(f) containing
the elementv(|x|), and let δ(|x|) be the num-
ber of the elements between the leftmost one and
v(|x|) in the subvectorv(f, x). We callδ(f) =
(δ(0), δ(1), · · · , δ(n)) the position vectorof f .
We often denoteδ(|x|) simply by δ(x). An in-
putx is called atip for f if v(|x|) is the rightmost



element in the subvectorv(f,x). Thus,x is a tip
for f in Fig. 1 if and only if |x| is 0, 3, 4, 6, 8 or
9. For a unate circuitC computingf , we define
anextended patternqC(x) of a unate circuitC for
x ∈ {0, 1}n as follows:qC(x) = (pC(x), δ(x)).
We often denoteqC(x) simply by q(x). We de-
note byQ(C) the set of all extended patterns that
arise inC: Q(C) = {qC(x) | x ∈ {0, 1}n}. We
can obtain an upper bound on|Q(C)|, as follows.

Lemma 2. If a unate circuit C computes an
(l,m)-functionf , then

|Q(C)| ≤ (|P(C)| − 1) · m + l. (7)

Proof. The setP(C) can be partitioned into the
following two subsetsP1(C) andP0(C):

P1(C) = {p(x) | x ∈ {0, 1}n, C(x) = 1}

and

P0(C) = {p(x) | x ∈ {0, 1}n, C(x) = 0}.

Sincegs is the output gate ofC, we havegs[x] = 1
if C(x) = 1, andgs[x] = 0 if C(x) = 0. Fur-
thermore,gs[x] is contained inp(x). Therefore,
P1(C) ∩ P0(C) = ∅. Similarly, the setQ(C)
can be partitioned into the following two subsets
Q1(C) andQ0(C):

Q1(C) = {q(x) | x ∈ {0, 1}n, C(x) = 1}

and

Q0(C) = {q(x) | x ∈ {0, 1}n, C(x) = 0}.

There are the following two cases to consider.
Case1: m0 ≤ m1.

In this case,l = m0 andm = m1. If C(x) =
f(x) = 1, then1 ≤ δ(x) ≤ m1 = m. Therefore,

|Q1(C)| ≤ |P1(C)| · m. (8)

On the other hand, ifC(x) = f(x) = 0, then
1 ≤ δ(x) ≤ m0 = l. Therefore,

|Q0(C)| ≤ |P0(C)| · l. (9)

Substituting Eqs. (8) and (9) to|Q(C)| =
|Q1(C)| + |Q0(C)|, we have

|Q(C)| ≤ |P1(C)| · m + |P0(C)| · l. (10)

Substituting |P1(C)| = |P (C)| − |P0(C)| to
Eq. (10), we have

|Q(C)| ≤ (|P(C)| − |P0(C)|) · m + |P0(C)| · l
= |P(C)| · m − |P0(C)| · (m − l). (11)

Sincem − l ≥ 0, the right side of Eq. (11) is
non-increasing with respect to|P0(C)|. Sincef
is not trivial, there is an inputx ∈ {0, 1}n such
thatC(x) = f(x) = 0, and hence|P0(C)| ≥ 1.
Thus, the right side of Eq. (11) takes the maximum
value when|P0(C)| = 1, and hence Eq. (7) holds.
Case2: otherwise.

In this casel = m1 andm = m0. Similarly as
in Case 1, we have|Q(C)| ≤ |P1(C)|·l+|P0(C)|·
m and hence|Q(C)| ≤ |P (C)|·m−|P1(C)|·(m−
l). Therefore, Eq. (7) holds since|P1(C)| ≥ 1.

For a unate circuitC with n(≥ 2) inputs, we
denote byC0 a unate circuit obtained fromC
by fixing the n-th variable xn of input x =
(x1, x2, · · · , xn) to the constant 0, as illustrated in
Fig. 2. We callC0 the 0-fixed circuit of C. The
0-fixed circuitC0 hasn − 1 inputs, but the size
of C0 is the same as that ofC. If a unate circuit
C computes a symmetric functionf of n variables,
then clearly the 0-fixed circuitC0 computes a sym-
metric functionf ′ of n − 1 variables such that
f ′(x1, x2, · · · , xn−1) = f(x1, x2, · · · , xn−1, 0)
for everyx1, x2, · · · , xn−1 ∈ {0, 1}. Clearly, the
value vectorv(f ′) and position vectorδ(f ′) of f ′

are obtained fromv(f) andδ(f), respectively, by
eliminating the last element.

Define X0 ⊆ {0, 1}n as follows: X0 =
{(x1, x2, · · · , xn) ∈ {0, 1}n | xn = 0}. For
each inputx′ = (x1, x2, · · · , xn−1) ∈ {0, 1}n−1

to the 0-fixed circuitC0 of C, let x ∈ X0 be the
input to C such thatx = (x1, x2, · · · , xn−1, 0).
Then clearly|x′| = |x|, pC0

(x′) = pC(x), and
δ(x′) = δ(x). We thus have

P(C0) = {pC0
(x′) | x′ ∈ {0, 1}n−1}

= {pC(x) | x ∈ X0} ⊆ P(C) (12)

and

Q(C0) = {(pC0
(x′), δ(x′)) | x′ ∈ {0, 1}n−1}

= {(pC(x), δ(x)) | x ∈ X0}
⊆ Q(C). (13)

We now present the following key lemma on
Q(C) andQ(C0).



Lemma 3. If a unate circuitC computes a sym-
metric function f of n(≥ 2) variables, then
|Q(C0)| + 1 ≤ |Q(C)|.

The proof of Lemma 3 is omitted due to the page
limitation.

From Lemma 3 one can easily prove the follow-
ing lower bound on|Q(C)|.

Lemma 4. If a unate circuitC computes a sym-
metric functionf of n(≥ 1) variables, then

n + 1 ≤ |Q(C)|. (14)

Proof. For the inductive basis, we assume that
n = 1. Sincef is not trivial, there exist inputs
x, y ∈ {0, 1}n such thatgs[x] = f(x) = 1 and
gs[y] = f(y) = 0, and hence|Q(C)| ≥ 2. Thus
Eq. (14) holds.

For the inductive hypothesis, we assume that
n ≥ 2 and that Eq. (14) holds for every unate cir-
cuit computing a symmetric function of(n − 1)
variables. LetC be a unate circuit computing a
symmetric functionf of n variables. Since the 0-
fixed circuitC0 of C computes a symmetric func-
tion of n − 1 variables, the induction hypothesis
implies that|Q(C0)| ≥ (n−1)+1 = n. Therefore,
by Lemma 3 we have|Q(C)| ≥ |Q(C0)| + 1 ≥
n + 1.

There exists a threshold circuitC computing the
Parity function ofn variables such that|Q(C)| =
n + 1 [18]. Therefore, the lower bound on|Q(C)|
in Lemma 4 is best possible for the Parity function.

Using Lemmas 1, 2 and 4, one can easily prove
Theorem 1 and Theorem 2, as follows.

Proof of Theorem 1. By Lemma 2 and Lemma 4
we have

n + 1 ≤ (|P(C)| − 1) · m + l. (15)

Slightly modifying Eq. (15) and using Lemma 1,
we have

n + 1 − l

m
≤ |P(C)| − 1 ≤ se. (16)

Proof of Theorem 2. From Eq. (15) we have

n + 1 + m − l

m
≤ |P (C)|.

Clearly we have|P (C)| ≤
∑s

i=0

(
s
i

)
= 2s. There-

fore we have

n + 1 + m − l

m
≤ 2s,

and hence Eq. (4) holds.

3.3 Theorem 3

In the section, we present a tradeoff which is better
than that in Theorem 1 ife ≥ 5.

Using a counting argument in [3, p.102, p.122]
and the Stirling’s formula, one can easily prove the
following upper bound on|P(C)|, which is better
than the bound in Lemma 1 ife ≥ 5:

|P(C)| ≤ 1√
2πe

·
(

2cnpr · s
e

)e

(17)

wherecnpr
∼= 2.718 is the Napier’s (or mathemat-

ical) constant. One can immediately prove the fol-
lowing theorem from Eqs. (16) and (17):

Theorem 3. Let C be a unate circuit computing
an (l,m)-function ofn variables. Then the sizes
and energye of C satisfy

n + 1 + m − l

m
≤ 1√

2πe
·
(

2cnpr · s
e

)e

. (18)
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